Klaus Morawetz^{1,2}

1Institute of Physics, Chemnitz University of Technology, Reichenhainer Str.70, 09107 Chemnitz, Germany 2Max-Planck-Institut für Physik komplexer Systeme, Nöthnitzer Straße 38, 01187 Dresden

Fluctuations in kinetic equations

How to describe sufficiently the fluctuations in dynamical systems ? a) Stochasticity (Brownian motion) or b) Deterministic picture In time evolution of one-particle distribution often additional stochastic term (Boltzmann - Langevin picture) [1–6] df dt = (1 − f)W_{in} − fW_{out}+δI

from stochastic TDHF equation if one-particle reduced density traced out, assumed to be Markovian ⟨δI⟩ = 0, ⟨δI(t)δI(t^′)⟩ = 2Dδ(t − t^′) variance σ^2 = ⟨f^2⟩ − ⟨f⟩^2 with 1/τ = W_{out} + W_{in}

dσ^2 dt = − 2 τ σ^2 + 2D

educated guess [7]: 2D = (1 − ⟨f⟩)W_{in} + ⟨f⟩W_{out} reproduce equilibrium variance σ^2 = f_0(1 − f_0) deviation δσ^2 = σ^2 − ⟨f⟩(1 − ⟨f⟩) obeys^{dδσ2}_{dt} = −^2_τ δσ^2. Numerically density projection often used

σ^2_n(r, t) = s ∫ dp⟨f(p, r, t)⟩(1 − ⟨f(p, r, t)⟩)

which has been realized in each phase-space point.

• Same mean fluctuations from deterministic but more realistic nonlocal extension of Boltzmann collision integral [8–11]. Advantage:

Only one simple equation, systematical control in used approximations

Real-time Green functions

Two independent correlation functions 1 = r, t, s, ... G^>(1, 2) =< a(1)a^+(2) > and G^<(1, 2) =< a^+(2)a(1) >

Martin Schwinger hierarchy for causal GF iG = Θ(t_1 − t_2)G^> ± Θ(t_2 − t_1)G^<

G^{−1}_0 G(1, 1^′) = δ_{1,1}′ + ∫ d3V (1, 3)G_2(1, 3, 1^′, 3^+) ≡ δ_{1,1}′ + ∫ C d3Σ(1, 3)G(3, 1^′)

with G^{−1}_0 (11^′) = ( i^∂_{∂t1} −^{(ℏi ∇x1)2}_{2m} − Σ^{HF} (11^′) ) δ(1 − 1^′)

Weakening of initial correlations lim_{t→t0} ΣG = 0 leads to Keldysh contour Consequence: Kadanoff and Baym equation (KB)

Gradient expansion of KB -equation

First order gradient expansion t_1 − t_2 → ω, r_1 − r_2 → k ( ∂ ∂t + ( p m + ∇_pΣ^{HF} )∇_R − ∇_RΣ^{HF} ∇_p ) ρ = ∫ dω 2π (G^>_ω Σ^<_ω − G^<_ω Σ^>_ω ) + ∫ dωdω^′ (2π)^2 P ω^′ − ω

({Σ^>_ω′, G^<_ω } − {Σ^<_ω′, G^>_ω }) − ∂ ∂t ∫ dω^′dω (2π)^2

P^′ ω^′ − ω

(G^>_ω Σ^<_ω′ − G^<_ω Σ^>_ω′).

leads to quasiparticle distribution and iteration for Wigner function ρ = ∫ dω 2π G^<_ω ≈ f − ∫ dω^′ 2π P^′ ω^′ − ε

((1 − f)Σ^<_ω′ − fΣ^>_ω′)

kinetic equation for quasiparticles ∂ ∂t f + ∇_kε∇_Rf − ∇_Rε∇_kf = z ((1 − f)Σ^< − fΣ^>)

with wave function renormalization z = (1 − ∂_ωΣ)^{−1}

ρ = zf − ∫ dω 2π P^′ ω − ε

Σ^<_ω corresponds to extended quasiparticle picture

A = G^> − G^< =

Γ_ω [ω −^{p2}_{2m} − Σ_ω]^2 +^1_4Γ^2_ω

≈ 2πzδ(ω − ε) − Γ_ω ∂ ∂ω P ω − ε

Equilibrium [12–17], Nonequilibrium [9, 18, 19]

Message from Equilibrium

ρ(k) = ∫ dω 2π Γ(ω, k) ( ω −^{k2}_{2m} − Σ(ω, k)

)_2

+^1_4Γ(ω, k)^2 f_{FD}(ω)

Spectral function for selfconsistent separable T-matrix at T = 10MeV

Extended Quasiparticle Picture ρ = f + ∫_{dω}

2π (Σ^<(1 − f) − Σ^>f)^{P ′}_{ω−ε}

Non-local kinetic equation

Non-Markovian (memory) kinetic equation for reduced density ρ ∂ ∂t ρ + ∇_kϵ_{HF}∇_rρ − ∇_rϵ_{HF}∇_kρ =

t−t0∫

0 dτ ( {G^<(t− τ 2 , τ), Σ^>(t− τ 2 , −τ)}

−{G^>(t− τ 2 , τ), Σ^<(t− τ 2 , −τ)} )

is transformed by extended quasiparticle picture into precursor of kinetic equation for quasiparticle distribution f ∂ ∂t f + ∇_kϵ∇_Rf − ∇_Rϵ∇_kf = z ((1 − f)Σ^< − fΣ^>)

ladder summation: Boltzmann-Uehling-Uhlenbeck, random phase approximation: Lenard- Balescu equation, etc

But: non-local scattering events by Σ[G] → Σ[f] Memory or off-shell parts • compensate the off-shell parts in Kadanoff Baym equation without other neglects • in quasiparticle energy ε_1 =^{k2}_{2ma} + ReΣ^R_{1,ε1}, off-shell part leads to the correct binding energy • Wave function renormalization z • A genuine time nonlocality Δ_t • direct link between Wigner function (reduced density matrix) and quasiparticle distribution

virial corrections from intrinsic gradients in the scattering integrals.

Consistent kinetic equation

∂f_1 ∂t + ∂ε_1 ∂k ∂f_1 ∂r − ∂ε_1 ∂r ∂f_1 ∂k = ∫ dpdq (2π)^5 P δ ( ε_1 + ε^−_2 − ε^−_3 − ε^−_4 − 2Δ_E )

× [ ( 1−f_1 )( 1−f^−_2 ) f^−_3 f^−_4 − f_1f^−_2 ( 1−f^−_3 )( 1−f^−_4 ) ]

where

f_1 ≡ f(k, r, t) f^−_2 ≡ f(p, r− Δ_2, t) f^−_3 ≡ f(k−q−Δ_K, r−Δ_3, t−Δ_t) f^−_4 ≡ f(p+q−Δ_K, r−Δ_4, t−Δ_t)

with T-matrix

P = Z|T|^2 ( ε_1+ε^−_2 −Δ_E, k−^{ΔK}_2 , p−^{ΔK}_2 , q, r−^1_4(Δ_2 + Δ_3 + Δ_4), t−^{Δt}_2 )

Δ_t = ∂ϕ ∂Ω | | |_{ε1+ε2} Δ^2 = ( ∂ϕ ∂p − ∂ϕ ∂q − ∂ϕ ∂k ) ε1+ε2

Δ_E = − 1 2 ∂ϕ ∂t | | ε1+ε2

Δ_3 = − ∂ϕ ∂k | | ε1+ε2

Δ_K = 1 2 ∂ϕ ∂r | | |_{ε1+ε2} Δ^4 = − ( ∂ϕ ∂k + ∂ϕ ∂q ) ε1+ε2

P. Lipavský, K. Morawetz, and V. Špička [9, 19]

References

[1] S. Ayik and C. Gregoire, Nucl. Phys. A 513, 187 (1990).

[2] E. Suraud, S. Ayik, J. Stryjewski, and M. Belkacem, Nucl. Phys. A 519, 171c (1990).

[3] J. Randrup and B. Remaud, Nucl. Phys. A 514, 339 (1990). [4] P. G. Reinhard, E. Suraud, and S. Ayik, Ann. of Phys. 213, 204 (1992). [5] A. Bonasera, F. Gulminelli, and P. Schuck, Phys. Rev. C 46, 1431 (1992). [6] G. F. Burgio, P. Chomaz, and J. Randrup, Nucl. Phys. A 529, 157 (1991). [7] M. Colonna et al., Nucl. Phys. A 642, 449 (1998).

[8] V. Špička, P. Lipavský, and K. Morawetz, Phys. Lett. A 240, 160 (1998). [9] P. Lipavský, K. Morawetz, and V. Špička, Kinetic equation for strongly interacting dense Fermi systems, Vol. 26,1 of Annales de Physique (EDP Sciences, Paris, 2001).

[10] K. Morawetz, P. Lipavský, V. Špička, and N. H. Kwong, Phys. Rev. C 59, 3052 (1999).

[11] K. Morawetz et al., Phys. Rev. Lett. 82, 3767 (1999). [12] R. A. Craig, Ann. Phys. 40, 416 (1966).

[13] B. Bezzerides and D. F. DuBois, Phys. Rev. 168, 233 (1968). [14] H. Stolz and R. Zimmermann, phys. stat. sol. (b) 94, 135 (1979). [15] D. Kremp, W. D. Kraeft, and A. D. J. Lambert, Physica A 127, 72 (1984). [16] M. Schmidt and G. Röpke, phys. stat. sol. (b) 139, 441 (1987). [17] H. S. Köhler and R. Malfliet, Phys. Rev. C 48, 1034 (1993). [18] V. Špička and P. Lipavský, Phys. Rev. B 52, 14615 (1995). [19] K. Morawetz, P. Lipavský, and V. Špička, Ann. of Phys. 294, 134 (2001). [20] K. Morawetz, 2007.

[21] K. Morawetz, CHAOS 13, 572 (2003).

[22] M. Berezowski, Chaos, Solitons and Fractals 12, 83 (2001).

Summary of Correlated Observables

Quasiparticle parts (Landau theory – like)

n^{qp} = ∑ k f Q^{qp} = ∑ k k f j^{qp} = ∑ k ∂ε ∂kf E^{qp} = ∑ k (^{k2}_{2m} +^1_2Σ_{mf} )f_k J^{qp}_{ij} = ∑ k ( k_j^{∂ε}_{∂ki} + δ_{ij}ε ) f − δ_{ij}E^{qp}

Two-particle correlated parts with probability to form a molecule per time dP = δ_{1234}|t_{sc}|^2f_1f_2(1 − f_3 − f_4)

n^{mol} = ∫ dP Δ_t j^{mol} = ∫ dP Δ_3 Q^{mol} = ∫ dP^{k+p}_2 Δ_t E^{mol} = ∫ dP^{ϵk+ϵp}_2 Δ_t

J^{mol}_{ij} = 1 2 ∫ dP { k_jΔ_{3i} + p_j(Δ_{4i} − Δ_{2i}) + q_j(Δ_{4i} − Δ_{3i}) }

Conservation laws

∂(n^{qp} + n^{mol}) ∂t + ∂(j^{qp} + j^{mol}) ∂r = 0 ∂(Q^{qp}_j + Q^{mol}_j ) ∂t + ∑ i ∂(J^{qp}_{ij} + J^{mol}_{ij} ) ∂r_i = 0 ∂E ∂t = ∂(E^{qp} + E^{mol}) ∂t = 0 Internal energy- I_{gain} = ∫ dPΔ_E and momentum–gain F^{gain} = ∫ dPΔ_K

Additional mean-field channel

Zero momentum transfer channel q = 0 leads to an additional part absent in usual local Boltzmann kinetic equation

lim_{q=0} [( 1−f_1 )( 1−f^−_2 ) f^−_3 f^−_4 − f_1f^±_2 ( 1−f^±_3 )( 1−f^±_4 )] = f^−_2 (1 − f^−_2 ) [ f^−_1 − f_1 ]

we obtain now^{∂f1}_{∂t} +^{∂ε1}_{∂k}^{∂f1}_{∂r} −^{∂ε1}_{∂r}^{∂f1}_{∂k} =^{⟨f −1 −f1⟩}_{τ̃} + I^{nonlocal}_{coll} (q ≠ 0) used thermal averaged delays, ⟨...⟩ for legibility • additional term represents mean-field fluctuations

⟨f_1−f^−_1 ⟩=⟨Δ_t ∂f ∂t +Δ_3 ∂f ∂r +Δ_K ∂f ∂k ⟩ ≈ Δ̃_3 ∂f ∂r +Δ̃_K ∂f ∂k whith on-shell Δ̃_3 = ⟨Δ_3 − Δ_t^{∂εk}_{∂k} ⟩ = −⟨^{∂ϕon}_{∂k} ⟩ and Δ̃_K = ⟨Δ_K + Δ_t^{∂εk}_{∂r} ⟩ = ⟨^{∂ϕon}_{∂r} ⟩ arrive finally [20]

∂f_1 ∂t + ( ∂ε_1 ∂k + Δ̃_3 τ̃ ) ∂f_1 ∂r − ( ∂ε_1 ∂r − Δ̃_K τ̃ ) ∂f_1 ∂k = I^{nonlocal}

coll (q ≠ 0)

• An explicit fluctuating term 1/τ̃ ∼ σ^2_n(r, t) emerges to the mean field

Bifurcation in time evolution

For homogeneous systems and relaxation time approximation: additional term in the kinetic equation [21]

df(k, t) dt = − f(k, t) − F_0 τ + f(k, t − Δ_t)[1 − f(k, t − Δ_t)] τ̃ with thermal averaging < ... > 1 τ = ⟨s ∫ dpdq (2π)^5

|T^r(k, p, q)|^2δ(ε_k +ε_p−ε_{k+q} −ε_{p−q})f_p(1−f_{k−q})(1−f_{p+q})⟩ 1 τ̃ = ⟨s ∫ dpdq (2π)^5

|T^r(k, p, q)|^2δ((k − p) · q m )f_p(1 − f_p)⟩

Δ_t = −⟨ ∂ ∂ω Im ln T^r(k, p, q, ω)|_{ω=εk+εp}⟩

Rename α =^τ_{τ̃} σ = τ τ_d = Δ_t to obtain [22] σ df(t) dt + f(t) = αf(t − τ_d)[1 − f(t − τ_d)]

Feigenbaum diagram α = 3.9,τ_d = 1 (left) and α = 3.9, σ = 0.2 (right) Bifurcation sets in for |α − 2|^>< √ 1 + (σΩ)^2 forτ_d^>< 0 and oscillation appears with a frequency

τ_dΩ + arctan(σΩ) = π

Summary

1. Non-local collisions in quantum kinetic equation

• Unifies Landau-quasiparticle transport and Enskog equations for dense gases • Thermodynamically consistent equation of state

(energy, density, pressure) including quantum 2. virial coefficient • Quantum correlation recast into quasi-classical picture • Particle-hole vs space-time symmetry completed • Modify existing Boltzmann codes by nonlocal and non-instantaneous shifts tabulated from two-particle scattering data • Delay differential equation interpolate between finite time stepping of the logistic map and continuous time derivatives [21], Novel observation: distribution function itself shows temporal oscillations around the equilibrium value, bifurcation, signal of onsetting phase transition 2. Memory effects result in

• Off-shell tails of Wigner function (exactly compensated) • Renormalization of scattering rates • Collision delay is all what is left from memory • Related non-local corrections to the scattering integral 3. We have successfully applied it to: Heavy Ion collisions, deep neutral impurities, Bernoulli potential at superconducting surfaces