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Theoretical Trick

• linear spin-orbit coupling
~b = v(px, py) leads to splitting

ǫ± =
p2

2m
± vp
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• Dirac dispersion by m → ∞
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Lindhard polarization vanishes !

Chiral anomaly

right handed left handed

• parallel electric and magnetic field changes chirality
• Fermi momentum of right-h. Fermions increases in electric field pf = eEt

• density is product of longitudinal phase-space density, dNR
dz =

pf
2π~

and density of Landau levels in traverse direction, d2NR
dxdy = eB

2π~

• rate of chirality dn5
dt = d4(NR−NL)

dtd3x
= 2

ṗf
2π~

eB
2π~ =

e2

2π2~2
E ·B

• term EB is considered as the origin of non-conservation of chiral charge

Chiral symmetry

• left/right-handed projection realized (1∓ γ5)/2 with γ5 = iγ0γ1γ2γ3

• chiral or axial transformation Ψ′(x) = eiα(x)γ5Ψ(x) leads to axial current
J5 = Ψγµγ5Ψ
• classical action S ′ = S +

∫

α(x)∇µJ
µ
5 , from Dirac equation

∇µJ
µ
5 = 2imΨγ5Ψ → 0, for m → 0

• quantum result 〈∂µJ
µ
5 〉 = 2im〈Ψγ5Ψ〉 → e2

16π2~2c
εµναβFµνFαβ form → 0

due to divergences up to fourth adiabatic order (renormalization), anoma-

lous triangle graphs Bardeen, Adler, Parker...

Chiral kinetic theory

two-bands kinetic equation ḟ± + ṙ ∂r f± + k̇ ∂k f± = I±.
with trajectories of mean-field particles

ṙ = v + k̇×Ω±, k̇ = eE + ṙ× eB

with Berry curvature term Ω± = ∂k × i〈±|∂k|±〉
Haldane, Son, Stephanov, Yin, Yamamoto, Manuel, Torres-Rincon, Spi-
vak...
disentangled

ṙ =
v + eE×Ω± + eBv ·Ω±

1 + eB ·Ω±
, k̇ =

eE + v × eB + e2Ω±E ·B

1 + eB ·Ω±

Consequence nontrivial currents and non-conserving chiral anomaly

ṅ± +
∂

∂r

∫

dk

(2π~)3
[vk±(e×Ω±)± eB(vk ·Ω±)] f± =

e2

4
E ·B

∫

dk

(2π~)3
Ω± · (f+ − f−)

• ? claim to be chiral anomal of field theory like Bell-Adler-Jackiw ?
• ?? quantum effect violates conservation laws??

• ??? Lorentz invariance broken, gravitation anomaly, CPT violation???

Violation of conservation laws? Critics

Consequence nontrivial currents and non-conserving chiral anomaly

∂

∂t
n± +∇(jqp±jΩ) = kE ·B ≡ −∇ · janom

since ∇(Φ∇×A) = ∇Φ · (∇×A) we have
B · E = −(∇×A) · (Ȧ+∇Φ) = −(∇×A) · Ȧ−∇(Φ∇×A) for any
gauge
standard relation (∇ × A) · Ȧ = −∇ · (Ȧ × A) + A · (∇ × Ȧ) =
−∇ · (Ȧ ×A) − Ȧ · (∇×A) follows (∇×A) · Ȧ = −1

2∇ · (Ȧ ×A).
and the anomalous (quantum) current [5]

janom = k

(

1

2
Ȧ×A− Φ∇×A

)

• Expectation: chiral kinetic theory from conserving kinetic theory

Extrinsic vs intrinsic s.o.

intrinsic: c-band (s) coupled to v-
bands (v) GaAs/AlGaAs

bulk-inv. asym.
(III-V semicond.)
Dresselhaus
−kyσ

y + kxσ
x

structure inversion
asym. (macrosc.
confining) Rashba
−kxσ

y + kyσ
x

General form

Hs = A(k)σx − B(k)σy + C(k)σz = b · σ

2D− system A(k) B(k) C(k)
Rashba βRky βRkx
Dresselhaus[001] βDkx βDky
Dresselhaus[110] βkx −βkx
Rashba−Dresselhaus βRky − βDkx βRkx − βDky
cubicRashba(hole) iβR

2
(k3

−

− k3
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βR

2
(k3

−

+ k3
+)

cubicDresselhaus βDkxk
2
y βDkyk

2
x

Wurtzite type (α + βk2)ky (α + βk2)kx
single− layer graphene vkx −vky

bilayer graphene
k2
−

+k2
+

4me

k2
−

−k2
+

4mei

3D− system A(k) B(k) C(k)
bulkDresselhaus kx(k

2
y − k2

z) ky(k
2
x − k2

z) kz(k
2
x − k2

y)

Cooperpairs ∆ 0 p2

2m
− ǫF

extrinsic
β = i

~
λ2V (k) qykz − qzky qzkx − qxkz qxky − qykx

neutrons in nuclei
β = iW0(nn +

np

2
) qzky − qykz qxkz − qzkx qykx − qxky

Interactions and meanfields

1. Spin-orbit coupling σ · b(p)
magn. impurities, intrinsic+ extrinsic

V̂−p,p′ =







V0(p
′ − p)

σ ·V(p′ − p)
iλ2

~
σ · (p× p′)V (p′ − p)

2. Leads to impurity meanfields Σimp
0 = nV0 + s ·V; Σimp = sV0 + nV

Extrinsic spin-orbit coupling meanfield more involved
Σext.
0 = iλ

2

~2
V [m(Sj × q)j − s · (p× q)], Σext. = iλ

2

~2
V [m(j× q)− n(p× q)]

dens. n =
∑

p
f , curr. j =

∑

p

p

m f , polar. s =
∑

p
g, curr. Sji =

∑

p

pj
m [g]i

3. Effective (meanfield) Hamiltonian

H = k2

2m + Σ0(k,q, t) + eΦ(q, t) + σ ·Σ(k,q, t)
with Σ = ΣMF (k,q, t) + b(k, t) + µB

• Search kinetic theory (non-Abelian)
∫

dω
2πG

< = f (k,q, t) + σ · g(k,q, t)

Kinetic equation with spin-orbit coupling and electric and magnetic fields

(∂t + F∂p + v∂r)f +A · g = 0

(∂t + F∂p + v∂r)g + A f =2(Σ× g)

coupling of spinor terms Ai = ∂pΣi∂r − ∂rΣi∂p + (∂pΣi × eB)∂p
with velocity v = k

m+∂kΣ0 and eff. Lorentz force F = (eE−∂rΣ0+ev×B)

Stationary solution: ρ̂(ε̂) =
∑

±
P̂±f± = f++f−

2 + σ · e f+−f−
2 = f + σ · g

with effective splitting f± = f0(ǫk ± |Σ|)

and selfconsistent meanfield ǫk(r) =
k2

2m + Σ0(k, r)

and selfconsistent precession e(k, r) = Σ/|Σ|

Transformation to chiral kinetic equation

2 months calculation [4]:

1. in helicity basis U+HU =

(

ǫ + Σ 0

0 ǫ− Σ

)

diagonal: ρ̄ = U+ρU =

(

f++ f+−
f−+ f−−

)

2. influence of off-diagonal on diagonal elements, approximately o(DF)2

up to quadratic order in derivatives or forces

3. disentangle diagonal elements o(D2, F )

Results into chiral kinetic equation

{

∂t +
v ± eE×Ω± eB(v ·Ω)

1± eB ·Ω
· ∂r +

eE + v × eB±Ω(e2E×B)

1± eB ·Ω
· ∂k

}

f± = 0

with Berry curvature by curl of band-diagonal Berry connection

±Ω = i〈∂ ± | × |∂±〉=±
1

2Σ3
(Σx∂Σy×∂Σz+Σz∂Σx×∂Σy+Σy∂Σz×∂Σx)

and quasiparticle energy ǫ+ = vk − vkeB ·Ω = vk − ev~B·k
2k2

Chiral anomaly from exact kinetic equation

density balance ṅ± +∇(j± +E× σs) = ξ e2

4π2~2
E ·B with ξ Chern number

(topological charge), obtain from kinetic equation

−iωδ(n+ − n−) +
i
~
qδ(j+ − j−) = R(∞)−R(0) with

R(k) =
e2

2π2~2
EB

k2

k2 − ~2ω2

4v2

1
∫

−1

dx

2
(x2 − 1) g0

interpret f− as hole or antiparticle g0 =
1
2(f+− f−) =

1
2(f++ f̄+− 1) with

f̄+(ǫ+) = [e
ǫ++µ
T +1]−1, f+(ǫ+) = [e

ǫ+−µ
T +1]−1

we obtain R(0) =

{

−2
3

e2

2π2~2
EB for ω = 0

0 for ω 6= 0 or ǫ = vk
, R(∞) = 1

3
e2

2π2~2
EB

• static limit agrees with chiral anomaly
• finite frequency leads to 1/3 or topological charge ξ = 1/3
(2/3 by dynamical part from magnetization current [Kharzeev et al. ’17])
• anomalous term with 2/3 from Dirac monopole but 1/3 from the Dirac
sea k → ∞

• compare: in chiral kinetic theory anomaly term comes exclusively from

zero momentum or Dirac monopole

Graphene: anomalous currents

Pauli structure Ĥeff = H +σ ·Σ with Σ = ΣH(k, r, t)+b(k, r, t)+µBB
particle and pseudospin current densities read

ĵα =
∑

p

[ρ̂, vα]+ = 2
∑

p

[f∂pαǫ+g · ∂pαΣ+σ · (∂pαǫg+f∂pαΣ)] = jnα + jaα + σ · Sα

scalar: normal and anomaly current, vector part: pseudospin current Sij

Dirac particles by the limit ǫ± = p2

2m ± |Σ| → ±vp
• graphene only possess an anomalous particle current

• normal pseudospin current, however, possesses a finite m → ∞ limit

(unexpected)

Anomalous particle conductivities: universal limits

anomaly particle current Jα = (σHall
αβ + σinter

αβ + σintra
αβ )Eβ

with e = Σ/|Σ|, g = (f+ − f−)/2

σHall
αβ = 2e2

∑

p

g

1− ω2

4|Σ|2

e · (∂pαe× ∂pβe) →
e2

8π~











Σn

µ + o(τ−1
ω ), µ > Σn

1 + o(τ−1
ω ), µ < Σn

Σnτ
~

(

π − 4τµ
~

+ o(µ2)
)

, µ > Σn

σinter
αβ = 2e2

∑

p

g

1− ω2

4|Σ|2

iω
2|Σ|∂pαe · ∂pβe → ζ e2

16~, (n → 0)

order of limits σinter
xx = ζ e2

16~

5. 4. 3. 2. 1. ζ

µ → 0 ω → 0 Σ → 0 m → ∞ τ → ∞ −1
µ → 0 τ → ∞ Σ → 0 m → ∞ ω → 0 0
τ → ∞ µ → 0 Σ → 0 m → ∞ ω → 0 1
µ → 0 Σ → 0 τ → ∞ m → ∞ ω → 0 1
µ → 0 τ → ∞ m → ∞ Σ → 0 ω → 0 1
µ → 0 τ → ∞ ω → 0 m → ∞ Σ → 0 1
µ → 0 Σ → 0 m → ∞ τ → ∞ ω → 0 0
µ → 0 m → ∞ τ → ∞ Σ → 0 ω → 0 0
µ → 0 m → ∞ Σ → 0 ω → 0 τ → ∞ 0
µ → 0 Σ → 0 ω → 0 m → ∞ τ → ∞ 0

• chiral nature of charge carriers leads to minimal finite conductivity even
with vanishing density of scatterers
• field has to create first electron-hole pairs before they can be accelerated

σintra
αβ = i2e2

∑

p
∂pα∂pβΣ

g
ω =

iǫ0ω
2
p(n,T,Σn)

ω+ i
τ

Optical conductivity

Experimental values (dots) Z. Q. Li et al., Nature Physics 4, 532 (2008)

• if Zeeman field larger than chemical potential conductivity exclusively by
intraband transitions and independent of density (universal)
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Summary

• Coupled quantum kinetic equation with SU(2) structure including:

– mean field interaction (scalar+vector), suited for magnetized impuri-
ties, spin-flip, ..

– arbitrary magnetic and electric field strength and spin-orbit interac-
tion (nonlinear)

• Anomalous currents in graphene/Weyl as infinite mass limit of spin-orbit
coupled systems

• Chiral terms appear normally without violation of conservation laws
• Graphene

– influence of magnetic domain puddles and meanfields recast into an
effective Zeeman field on intra-, interband longitudinal and Hall con-
ductivities

– density-independent universal conductivity for large Zeeman fields or
small densities

– experimental optical conductivity well reproduced by intrinsic effective
Zeeman field

books and paper: http://www.k-morawetz.de
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