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Phenomenological considerations

charge current density j0n = −µnE−D∇n

spin polarization current density S0
ij = −µEisj −D

∂sj
∂xi

with mobility µ, diffusion D and spin polarization density sz = (n↑−n↓)/2

js.o.y = js.o.+y + js.o.−y = γµ(n+ − n−)Ex + γD
∂(n+ − n−)

∂x

Ss.o.
yz = js.o.+y − js.o.−y = γµ(n+ + n−)Ex + γD

∂(n+ + n−)

∂x

j/e = µnE+D∇n+ γµE× s+ γD∇× s, Sij = −µEisj −D
∂sj
∂xi

+ ǫijk(γµnEk + γD∇kn)

anomalous Hall effect (Karplus, Luttinger 1954)
inverse spin-Hall, inhomog. spin density (Averkiev, Dyakonov, Bakun 1983)
Spin-Hall effect charge current induce spin current

Spin-Hall effect

pred.: Dyakonov, Perel 1971, exp:

Kato et al., Science 306 (04) 1910

Sih et. al, Nature Physics 1 (05) 31

anomalous Hall effect

Valenzuela, Tinkham, Nature 442 (06) 176

Extrinsic vs intrinsic s.o.

intrinsic: c-band (s) coupled to v-
bands (v) GaAs/AlGaAs

bulk-inv. asym.
(III-V semicond.)
Dresselhaus
−kyσ

y + kxσ
x

structure inversion
asym. (macrosc.
confining) Rashba
−kxσ

y + kyσ
x

General form

Hs = A(k)σx − B(k)σy + C(k)σz = b · σ

2D− system A(k) B(k) C(k)
Rashba βRky βRkx
Dresselhaus[001] βDkx βDky
Dresselhaus[110] βkx −βkx
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Cooperpairs ∆ 0 p2

2m
− ǫF

extrinsic
β = i

~
λ2V (k) qykz − qzky qzkx − qxkz qxky − qykx

neutrons in nuclei
β = iW0(nn +

np

2
) qzky − qykz qxkz − qzkx qykx − qxky

Interactions and meanfields

1. Spin-orbit coupling σ · b(p)
magn. impurities, intrinsic+ extrinsic

V̂−p,p′ =







V0(p
′ − p)

σ ·V(p′ − p)
iλ2

~
σ · (p× p′)V (p′ − p)

2. Leads to impurity meanfields Σimp
0 = nV0 + s ·V; Σimp = sV0 + nV

Extrinsic spin-orbit coupling meanfield more involved
Σext.
0 = iλ

2

~2
V [m(Sj × q)j − s · (p× q)], Σext. = iλ

2

~2
V [m(j× q)− n(p× q)]

dens. n =
∑

p
f , curr. j =

∑

p

p

m f , polar. s =
∑

p
g, curr. Sji =

∑

p

pj
m [g]i

3. Effective (meanfield) Hamiltonian

H = k2

2m + Σ0(k,q, t) + eΦ(q, t) + σ ·Σ(k,q, t)
with Σ = ΣMF (k,q, t) + b(k, t) + µB

• Search kinetic theory (non-Abelian)
∫

dω
2πG

< = f (k,q, t) + σ · g(k,q, t)

Kinetic equation with spin-orbit coupling and electric and magnetic fields

(∂t + F∂p + v∂r)f +A · g = 0

(∂t + F∂p + v∂r)g + A f =2(Σ× g)

coupling of spinor terms Ai = ∂pΣi∂r − ∂rΣi∂p + (∂pΣi × eB)∂p
with velocity v = k

m+∂kΣ0 and eff. Lorentz force F = (eE−∂rΣ0+ev×B)

Stationary solution: ρ̂(ε̂) =
∑

±
P̂±f± = f++f−

2 + σ · e f+−f−
2 = f + σ · g

with effective splitting f± = f0(ǫk ± |Σ|)

and selfconsistent meanfield ǫk(r) =
k2

2m + Σ0(k, r)

and selfconsistent precession e(k, r) = Σ/|Σ|

Summary on spin transport

• Coupled quantum kinetic equation for spin - 1/2 - particles including:

– mean field (scalar+vector) for magnetized impurities, spin-flip, ...

– arbitrary magnetic and electric fields

– spin-orbit interaction (nonlinear)

• Anomalous Hall effect, quantum Hall effect, spin-Hall effect and inverse

• Response and collective spin and density modes (staircase)

• Out-of plane polarization follows Landau levels (THz)

• Applications: graphene (pseudospin), optical Hall effects, ...

Particle currents and anomalous Hall effect

Jα = σDEα + (σas
αβ + σsym

αβ )Eβ with Drude conductivity σD = ne2τ
me

and

σas
ij

σsym
ij







= e2
∑

p

g

1− ω2

4|Σ|2







e · (∂ie× ∂je)

iω
2|Σ|∂ie · ∂je

, e =
Σ

|Σ|
, g =

1

2
(f+ − f−)

static result agrees with Kubo formula σαβ = −ǫαβγe
2
∑

np
fn(∂p × an)γ

• with Berry-phase connection an = i~〈n|∂p|n〉 = 〈n|x|n〉 for two spin
bands Σx − iΣy = Σe−iφ one has a± = i~〈±|∂p|±〉 = ~

Σ±Σz
2Σ ∂pφ

T = 0 linear Rashba, E in x-direction, ΣMF + µBB = Σnez

σas
yx =

e2

4π~
Σnτω arctan

[

2ǫβτω
~2 + 4(2ǫβǫF + Σ2

n)τ
2
ω

]

→
e
2

4π~























ǫβΣn

2ǫβǫf+Σ2
n

ω = 0, τ →∞

Σn
ω artanh

[

2ǫβω

~2ω2−4(2ǫβǫF+Σ2
n)

]

ω 6= 0, τ →∞

with ǫβ = mβ2
R/~ and τω = τ/(1− iωτ )

real (thick), imag. (thin)

anom. conductivity, τ =

0.3~/ǫF

static anom. (thick) Hall ,

inv. (thin) Hall conductivity

• anomalous Hall van-
ishes with effective Zee-
man, sign change
• static anomalous
Hall conductivity has
maximum

mβ2
R = 0.1ǫF

symmetric part, inverse Hall effect: T=0 σsym
yx = 0 and

σsym
xx =

e2

16π~

{

4ǫβΣ
2
nτω

2ǫβǫf + Σ2
n

+ (1− 4Σ2
nτ

2
ω) arctan

[

4ǫβτω
~2 + 4(2ǫβǫF + Σ2

n)τ
2
ω

]}

≈
e2

2π~

ǫβτ

1 + 4Σ2
nτ

2
+ o(ǫ2β)

• contribution in direction of electric field caused by collisional correlations
• note Σn → 0 before expanding: factor 1/2 (symmetry breaking)

real (thick), imag. (thin) dyn.

anom. (dashed) and inverse

(solid), τ = 0.3~
ǫF

, Σn = 1ǫF

static anomalous Hall (thick)

and inverse Hall conductivity

(thin), mβ2
R = 0.1ǫF

• static anomalous Hall
conductivity vanishes
with Zeeman, inverse
Hall remains finite
• static conductivities
possess maximum
• inverse Hall no sign
change, current to
electric field direction

Spin currents T=0: Sα = − eτ
me(1−iωτ )

sEα + σαβEβ

asymmetric (anomalous spin Hall) and symmetric part (inverse spin Hall)

σas
αβ

σsym
αβ







=
e

meω

∑

p

pαg

1− ω2

4|Σ|2







iω
2|Σ|e× ∂βe

i∂βe

electric field in x-direction, Rashba (Dresselhaus opposite sign)

σz
yx=

e

8π~

[

1−
1+4Σ2

nτ
2
ω

4ǫβτω
arctan

(

4~ǫβτω
~2+4τ 2ω(2ǫβǫF+Σ2

n)

)]

, σz
xx =

2

~
Σnτσ

z
xy

with τω = τ/(1− iωτ )

• universal limit σz
yx =

e
8π~

2ǫβǫf
2ǫβǫf+Σ2

n
+ o(1/τ )

• necessary for small spin-orbit coupling σz
yx =

e
π~

ǫfτ
2

(1−iωτ)2+4Σ2
nτ

2ǫβ + o(ǫ2β)

Real (thick) and imaginary

(thin) dynamical spin-Hall co-

efficient, τ = 0.3~/ǫF

static spin Hall (thick), in-

verse (thin), Rashba energy of

mβ2
R = 0.1ǫF

dynamical spin-Hall (solid)

and inverse spin-Hall (dashed),

Σn = 1ǫF

• spin Hall and inverse spin Hall effect sign change, spin current parallel

and antiparallel to electric field direction possible

Linear response

(1− Π0V0 −Π ·V)δn =Π0Φ
ext + (Π0V +ΠV0) · δs

[1− Π0V0 −
←→
Π V0 +Π3(V·) + V0Π2×]δs =Π3Φ

ext + (V0Π3 +Π0V +V ×Π2 +
←→
Π ·V)δn

Dipole spin and density waves: neutral impurities
• dipole modes characterized by first-order moments
• density and spin excitation

• analyt. solution: 3 modes withB2
g =

∑

p

b2

Σ2g and magnetizationm = sq=0

• small Σ, linear dependence on B2
g

Instable: (blue) Imω2 6= 0,
(yellow) ω2 < 0

K. Morawetz, Europhys. Lett., 104 (2013) 27005
Phys. Rev. B 92 (2015) 245425
Phys. Rev. B 92 (2015) 245426
Phys. Rev. B 94 (2016) 165415

Dipole spin and density waves: charged impurities

• Coulomb potential V0 = e2

ǫoq2
long-wavelength expansion o(q), density

eigenmodes: damped plasma oscillation and only transverse spin modes
• dielectric function ǫ(ω, q) = (1 + Vqχ)

−1 = 1− 1
1

1−ǫ(ω,0)
− q2

κeff(ω)

by long-wavelength ǫ(ω, 0) and dynamical screening length κeff(ω)

ǫ(ω, 0) = ǫω + p2
(

1−
1

ǫω

)

[

1−ǫω−
Bf

2

ǫω

(

(1−ǫω)
2−

ω2
p

ω2(1+p2)

)]

Drude ǫω = 1−
ω2p

ω(ω+ i
τ )
, eff. pol. p = s

n =
n↑−n↓

n −
Bg

2

2n , B
2
g =

2p
1+p2

B2
f

τ−1 = 0.3ωp τ−1 = 1ωp

• Instability for ǫ−1 < 0 spin domain separation (segregation)

Spin response to external electric field

δsq
E = ieqχs =

en
ωp







s1(ω)
b1(q)
q + Bcs2(ω)

b2(q)
q

s1(ω)
b2(q)
q − Bcs2(ω)

b1(q)
q

i
qǫ0ωp
ne2

s3(ω)






, Bc =

ωcǫf
nD~ω2p

= ǫ0
B

nDe~

ǫf
n

crossover from oscillatory to exponen-
tially damped behavior

spin dephasing time for s1
E in x-direction, τ−1 = 0.1ωp, Bc = 1

Linear response special cases: magnetic field, no spin

Magnetic field-dependent response δn = κΦext

corresponding to GW (RPA, rainbow, ...), n = 7× 1010cm−2

κ(qω) = Π0(q,ω)
1−V0(q)Π0(q,ω)

, σ = −iωǫ0ǫ, ǫ = 1− V0Π0
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real (solid red) and imaginary part (dashed red) of response function
(above) together with zero magnetic field ones (black lines), excitation
(middle) and dynamical conductivity (below) for different magnetic fields
(flux Φ0 = h/2e)

Collective density excitation
Im (1−V0Π0)

−1 measure for
position and width of mode
ω = ω0 + IΓ
excitation spectrum for B =
0, 0.08Φ0n (above) and B =
0.8, 8Φ0n (below)

Linear response special cases: no magn. impurities

no spin-flip mechanism V = 0, spin excitation influences density response
only for asymmetric momentum distributions 2D with s = (s0x, s

0
y, 0),

g(p) = sf0(p) follows Π3 ·Π = Π2 = Π2
0

δs =
Π3

1− 2VoΠo
U ext, δn =

Π0

1− 2VoΠo
U ext

and vector polarization for Dresselhaus (Rashba) linear spin-orbit coupling

Π3 = sΠ0 + s× µBΠ′0 −
(

0, 0, βs0y − αs0x
)

Π′0cos

out of plane polarization induced by spin precession
for Dresselhaus (Rashba) linear spin-orbit coupling
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