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Phenomenological considerations

charge current density j0n = −µnE − D∇n

spin polarization current density S0
ij = −µEisj − D

∂sj

∂xi

with mobility µ, diffusion D and spin polarization density sz = (n↑−n↓)/2

js.o.
y = js.o.

+y + js.o.
−y = γµ(n+ − n−)Ex + γD

∂(n+ − n−)

∂x

Ss.o.
yz = js.o.

+y − js.o.
−y = γµ(n+ + n−)Ex + γD

∂(n+ + n−)

∂x

Together

ji = j0
i + γǫijkS

0
jk

Sij = s0
ij − γǫijkj

0
k.

j/e = µnE + D∇n + γµE × s + γD∇× s

Sij = −µEisj − D
∂sj

∂xi
+ ǫijk(γµnEk + γD∇kn)

anomalous Hall effect (Karplus, Luttinger 1954)
inverse spin-Hall, inhomog. spin density (Averkiev, Dyakonov, Bakun 1983)
Spin-Hall effect charge current induce spin current

Spin-Hall effect

predicted: Dyakonov, Perel 1971
measured: Kato et al., Science 306
(04) 1910
Sih et. al, Nature Physics 1 (05) 31

Anomalous Hall effect
Valenzuela, Tinkham, Nature 442 (06)
176
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Cooperpairs ∆ 0 p2

2m
−ǫF

extrinsic
β = i

~
λ2V (k) qykz−qzky qzkx−qxkz qxky−qykx

General form: Hs = A(k)τx − B(k)τy + C(k)τz = b · τ

Interactions and meanfields

1. Spin-orbit coupling τ · b(p,R)
magn. impurities, intrinsic+ extrinsic

V̂−p,p′ =







V0(p
′ − p)

τ · V(p′ − p)
iλ2

~
τ · (p × p′)V (p′ − p)

2. Leads to impurity meanfields

Σimp
0 = nV0 + s · V; Σimp = sV0 + nV

Extrinsic spin-orbit coupling meanfield Σext.
0 =

iλ2

~2V [m(Sj × q)j − s · (p × q)], Σext. = iλ2

~2V [m(j × q) − n(p × q)]
density n =

∑

p
f , curr. j =

∑

p

p

m f , polarization s =
∑

p
g, curr.

Sji =
∑

p

pj

m [g]i

• kinetic theory for 2×2 (non-Abelian)
∫

dω
2πG< = f (k, R, t)+τ ·g(k, R, t)

3. Effective (meanfield) Hamiltonian

H =
k2

2m
+ Σ0(k,q, T ) + eΦ(q, T ) + τ · Σ(k,q, T )

with Σ = ΣMF (k,q, T ) + b(k,q, T ) − µB

Kinetic equation

Wigner function for density and spin-density
∫

dω
2πG< = ρ = f + τ · g

DTf + (∂kΣi∂R − ∂RΣi∂k + (∂kΣi × eB)∂k)gi = 0

DTgi+(∂kΣi∂R−∂RΣi∂k+(∂kΣi × eB)∂k)f = 2(Σ×g)i

drift and force of the scalar and vector partDT = (∂T + F∂k + v∂R)
with the velocity and the effective Lorentz force

v =
k

m
+ ∂kΣ0, F = (eE − ∂RΣ0 + ev × B)

Stationary solution: two bands

ρ̂(ε̂) =
∑

±

P̂±f± =
f+ + f−

2
+ τ · e

f+ − f−
2

= f + τ · g

with effective splitting f± = f0(ǫk ± |Σ|)

and selfconsistent meanfield ǫk(R) = k2

2m + Σ0(k, R)

and selfconsistent precession e(k, R) = Σ/|Σ|

Solution with magnetic fields

Linearization of kinetic equations to external electric perturbation δE =
−iqΦ/e
v(φ) = (v cos φ, v sin φ, u), B = Bez, φ = ωct

(−iω + iq · v(φ) − ∂t) δf +
iq · ∂vΣ

m
· δg = S0

(−iω + iq · v(φ) − ∂t) δg +
iq · ∂vΣ

m
δf − 2(Σ × δg) = S

with
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Solution

δf + τ · δg =

∞
∫

0

dtei(ωt−qRtv)e−itτ ·Σ(S0 + τ · S)eitτ ·Σ

magnetic field enters

Rt =
1

ωc





sin ωct 1 − cos ωct 0
cos ωct − 1 sin ωct 0

0 0 ωct





Linear response

Solution

δf + τ · δg =

∞
∫

0

dtei(ωt−qRtv)e−itτ ·Σ(S0 + τ · S)eitτ ·Σ

work out the formal solution

eiτ ·(Σt)(S0 + τ · S)e−iτ ·Σt =

S0 + (τ · S) cos(2t|Σ|) + τ (S × e) sin(2t|Σ|) + (τ · e)(S · e)(1 − cos(2t|Σ|))

≈ S0 + τ · S + 2τ · (S × Σ)t

with the direction e = Σ/|Σ| leads to

(1 − Π0V0 − Π · V)δn =Π0Φ
ext + (Π0V + ΠV0) · δs

(1 − Π0V0)δs =Π3Φ
ext + (V0Π3 + Π0V + V × Π2 + Πe · V)δn

+ Π3(V · δs) + V0Πe · δs + V0Π2 × δs

with abbreviations Π2 = Πg − Πxf and Π3 = Π + Πxg

different magnetic-field dependent polarizations appear
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Linear response special cases: 1. no meanfield

Only spin-orbit coupling and magnetic field V0 = V = 0 obtain decoupled
response δn = Π0U

ext, δs = (Π + Πxg)Φ
ext

density response unaffected by spin excitation and only modified due to
magnetic field, spin response are explicitly dependent on the spin-orbit cou-
pling

Linear response special cases: 2. no spin

Obtain magnetic field-dependent response δn = κΦext

corresponding to GW (RPA, rainbow, ...), n = 7 × 1010cm−2

κ(qω) =
Π0(q, ω)

1 − V0(q)Π0(q, ω)
, σ = −iωǫ0ǫ, ǫ = 1 − V0Π0
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real (solid red) and imaginary part (dashed red) of the response function
(above) together with the zero magnetic field ones (black lines), the exci-
tation (middle) as well as dynamical conductivity (below) for different mag-
netic fields for a quasi-2D electron system with a charged-impurity density
of 7 × 1010cm−2, and the magnetic flux Φ0 = h/2e

Collective density excitation in magnetic field

Im (1 − V0Π0)
−1 measure for position and width of mode ω = ω0 + IΓ

excitation spectrum for B = 0, 0.08Φ0n (above) and B = 0.8, 8Φ0n (below)

Linear response special cases: 3. no magn. impurities

no spin-flip mechanism V = 0 results

δs =

(

Π3

1 − 2V0Π0
− V0Π2 × Π3 + V0Πe · Π3

)

Φ

δn =

(

Π0

1 − 2V0Π0
+ V0(Π · Π3 − Π2

0)

)

Φ

spin excitation influences density response only for asymmetric momentum
distributions 2D with s = (s0

x, s
0
y, 0), g(p) = sf0(p) follows Π3 ·Π = Π2 =

Π2
0

δs =
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1 − 2VoΠo
U ext, δn =
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1 − 2VoΠo
U ext

and vector polarization for Dresselhaus (Rashba) linear spin-orbit coupling
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out of plane polarization induced by spin precession
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for Dresselhaus (Rashba) linear spin-orbit coupling
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Summary on spin transport

• Coupled quantum kinetic equation derived for spin - 1/2 - particles in-
cluding:

– mean field interaction (scalar+vector), suited for magnetized impuri-
ties, spin-flip, ..

– arbitrary magnetic and electric field strength

– spin-orbit interaction (nonlinear)

• Anomalous Hall effect, quantum hall effect, spin-Hall effect

• Linear density and spin-density response to external electric field

• Spin response in 2D and linear coupling leads to out-of plane polarization

• Magnetic field induces structure, excitation out of plane follows Landau
levels (THz)

• Applications: graphene (pseudospin-orbit coupling), magnetic field in-
duced photocurrent excited by terahertz radiation, magneto-gyrotropic
photogalvanic effect MPGE, optical Hall effect, ...
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