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Abstract.  The quantum mechanical two - particle problem 
is considered in hot dense nuclear matter under the influence 
of a strong electric field such as the field of the residual nu- 
cleus in heavy - ion reactions. A generalized Galitskii-Bethe- 
Salpeter equation is derived and solved which includes re- 
tardation and field effects. Compared with the in-medium 
properties in the zero-field case, bound states are turned into 
resonances and the scattering phase shifts are modified. Four 
effects are observed due to the applied field: (i) A suppres- 
sion of the Pauli-blocking below nuclear matter densities, 
(ii) the onset of pairing occurs already at higher tempera- 
tures due to the field, (iii) a field dependent finite lifetime 
of deuterons and (iv) the imaginary part of the quasiparticle 
self-energy changes its sign for special values of density and 
temperatures indicating a phase instability. The latter effect 
may influence the fragmentation processes. The lifetime of 
deuterons in a strong Coulomb field is given explicitly. 

PACS: 24.10.Cn; 25.70.De; 72.20.Ht; 25.70.Pq 

I Introduction 

The problem of Coulomb corrections in heavy - ion reac- 
tions raised~ a considerably interest during the last years. Es- 
pecially, great attention is paid to the search of signals from 
the early stage of heavy-ion fragmentation. One of the most 
intensively studied experimental values is the two - particle 
correlation function. This observable gives hope to extract 
information about the process of fragmentation and the situa- 
tion during the early stage of heavy-ion collisions. Coulomb 
effects from the residual nucleus are still not well investi- 
gated. Here we try to show that this effect may lead to new 
observable effects. Besides the strong interaction which acts 
exclusively at short distances of  the fragments, the Coulomb 
field of the residual nucleus is a long range potential and 
will influence the evolution of  the disintegrating nucleus for 
a longer time interval than the strong interaction. 

The most accepted way of  describing heavy - ion re- 
actions is to determine transport properties by solving ade- 
quate kinetic equations. One of  the main  ingredients of these 

equations are the transport cross sections• While a number 
of works have investigated the density dependence of the 
cross section and therefore the influence of the medium [1], 
modification to scattering properties due to the large electric 
fields have not been considered up to now. In this paper we 
estimate the influence of the Coulomb field of the residual 
nucleus the two-particle in-medium properties. The results 
are of interest for the transport theory of hot expanding nu- 
clear matter in heavy ion collisions. 

A pioneering work in the area of field - dependent trans- 
port was done in solid state physics [2-7] One of the prob- 
lems is the derivation of correct transport equations includ- 
ing high field strengths [3, 7-12]. The application of these 
high - field phenomena ranges from nonlinear conductivity 
[13-15] up to quantum coherence phenomena [16]. Among 
these studies there can be observed two different kinds of ef- 
fects. The first c lassconsists  of kinetic effects resulting from 
the modification of the single particle distribution function 
in a strong field. As an example we refer to the stationary 
nonequilibrium function in strong electric fields [14-19]. A 
second class of effects are the quantum interference effects 
[13, 20, 21]. The latter one is considered in this paper. 

A very rough criterion for kinetic field effects is the ratio 
between energy gain of the charged particle during the mean 
free path A and the average energy lost during a collision. 
High field transport is characterized by an increase of the 
velocity between two successive collisions greater than the 

eE A cl 1 mean thermal velocity - - - -  > yr. The  other ass of fie d 
effects arise by quantum interference. These can be described 
by a typical time scale ~-E = ?~, which is determined for 

one particle properties by eE = (~2~----~2) l/3. This time scale 
controlls the tunneling probability of a particle with energy 
e through a potential wall Uo - E x  

( -~ \ eE / / 
D exp (1) 

For two-particle properties [17] we will show that the 
coherence time is 

h 
TE = ( E2h2 ( e~ ~e'Z ))1/3 " (2) 

~-N--<~-7 + 
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If this time, which can be considered as a collisional broad- 
ening time, is of the order of the time between two succes- 
sive collisions one expects new effects of quantum nature 
[20, 21]. The coherence time (2) can be derived also from 
the two-particle phase factor associated with times t l  and 
t2. In the c.m for the canonical momentum the phase reads 
with T = (tl + t2)/2 and ~- = tl - t2 

( i / d  t (P + elEt)2 ( - p  + e 2 E t ) 2 ~  
exp - h  t., 2rrz, + 2rrz 2 J /  

: exp - -2-f i  + -2- \ m l  ra2/ 

~zl ~ pET~- + ~ -  \rrzl  m2 

The term linear in E vanishes for equal e / m  and the remain- 
ing quadratic term causes an intrinsic field effect. While the 
first term can be absorbed into redefinition of the energy 
scale the last term causes an intrinsic field effect with the 
parameter (2). This is immediately obvious by fouriertrans- 
forming to the frequency domain. 

Despite the general theoretical interest to describe two- 
particle properties in high electric fields we focus in this 
paper on the application to a system likely to be found in 
heavy ion reactions. To motivate the subsequent investiga- 
tions we give a simple estimation of expected effects. During 
the expansion phase of highly excited nuclear matter after 
a heavy - ion collision the emitted charged particles will 
be subject to the Coulomb force of the remaining nucleonic 
system. This time and space dependent Coulomb force can 
be very strong for heavy nuclei and has to be combined with 
the mean field. For instance, a nucleus of charge 100 one 
has a coherence time of about ~-z ~ 100 fm/c at a distance 
of I0 fro. This becomes comparable with typical relaxation 
time scales in the expanding system. 

Due to the short range behaviour of the strong interac- 
tion we have a separation of length scales where strong in- 
teraction is present and scales where Coulomb forces varies 
remarkably. Therefore it is justified to consider the Coulomb 
forces at distances of strong interaction as a slowly variing 
force. Considering the fact that this electric field will not 
change remarkably during the collision time we describe the 
effect of the radial Coulomb field statically, where the time 
occurs only as a parameter in the field. In principle, we have 
to solve a 3-body problem [22], which is described by the 
Faddeev equations. Certain simplifications can be found, if 
one assumes that one of the 3 particles (the rest nucleous) 
is very heavy [23]. Here we consider the Coulomb field as 
an external field acting on the two- particle problem. Conse- 
quently it has to be added to the mean field and the residual 
interaction of the two particles. By this way we show how 
the two - particle properties in a medium will be modified 
owing to the high electric field. The advantage of this treat- 
ment is that we can investigate the influence of Coulomb 
fields on a two particle level, which is much more easier to 
perform than the three body model in medium. 

This model treatment of the Coulomb field of the rest 
nucleous on the two particle properties are discussed in 
Sect. IV, in which we focus on three effects: (i) A sup- 

pression of the Pauli-blocking at densities rto/40 - no/10,  
(ii) a pronounced onset of pairing states due to the field in 
comparison with the zero field case where it takes place at 
lower temperatures, (iii) the finite lifetime of deuterons due 
to the electric field and (iv) a modification of the density and 
temperature region of instability as indicated by the single 
particle self-energy. 

The outline of this paper is as follows. First we de- 
rive useful tools for formulating the theory gauge invariant. 
By the fundamental principle of gauge invariance we will 
present the in-medium .7 -ma t r i x  equation with the influ- 
ence of field effects in Sect. III. The dynamical behaviour 
is then discussed briefly. In addition, we give a solution of 
these field- and medium- dependent Bethe-Salpeter equation 
for a separable potential of Yamaguchi-type. The interplay 
between field and medium effects is shown in Sect. V, where 
we focus on the intrinsic field effect of quantum coherence. 

II Green function approach 

We consider a system of charged nucleons under the in- 
fluence of an applied electric field E(t). In vector potential 
gauge A(t) = - cE( t ) ,  we have the Hamiltonian 

3--" (Pl - ~-a(t))  2 H(t) aT a, 
1 

1 
121V]l 2 )at,ag,aaal (4) 

1,2,U,2' 

with a residual interaction V 

(121vi 1'2') = 6(tl - t2)O(t'~ - t~)8(tl - ffl) 

x Vab(pl, Pz, P~, P~)Sm +p2,p~+pl 

which will be assumed separable. Here we have choosen 
the vector potential gauge for convenience. We will show 
that all equations can be formuklated gauge invariant such 
that the final result is independent of the specific choive 
of gauge. In order to describe high field effects and many- 
particle behavior correctly, it is necessary to use approxima- 
tions for many particle effects which do not invalidate the 
resulting equations for arbitrary field strengths. It is known 
that the gradient expansion with respect to the time coordi- 
nate corresponds to a linearization in fields [I 1]. To get an 
unambiguous way of constructing approximations we have 
to formulate our theory gauge invariant. This can be done 
following a procedure known from field theory [24], which 
has been successfully applied to high field problems in [25]. 
First we present the idea for the one particle functions [12] 
and then for two- particle correlations. 

In order to describe correlations in highly nonequilib- 
rium situations we define various correlation functions by 
different products of creation and annihilation operators in 
the Heisenberg picture 

1 
G>(1 ,2 )  = - < ~ ' t ( r l , t l ) ~ ( r 2 , t 2 )  > 

2 

1 
G < ( I , 2 )  = T -  < ~P~'(r2, t z )Ol ( r l , t l )  > • 

Z 
(5) 
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Here < ... > denotes the average value with the un- 
known statistical nonequilibrium operator p and T signs the 
Fermi/Bose system respectively. 

A Gauge invariantformulation of correlation functions 

As mentioned above, special care is required to formu- 
late the theory gauge invariant. This will be achieved in 
the following way. First we change the space-time coordi- 
nates xi = (ti, ri)  into Wigner coordinates x = Xl - x2 and 
X = (xl + x2)/2. Then we construct gauge invariant cor- 
relation functions by a generalized Fourier transform [26] 
via 

½ 
k f dA xu[k"+~A'(X+Xx)l 

f ¢(k,  X )  = d4x e a (xX) .  (6) 

Here A ~ = (~b, A) with ¢i(R, T)  and A(R, T) being the scalar 
and vector potentials, respectively. By gauge transformations 
of A"  and ~ one establishes immediately that G is gauge 
invariant. While it is possible to apply (6) to the general 
case, we restrict ourselves here to spatial homogeneous and 
steady electric fields. In this case (6) reduces to [26] 

G(k, X )  = d4x ekt~"k"+~rETlG(x, X).  (7) 

From (7) we have to perform the following practical steps in 
order to formulate one particle correlation functions gauge- 
invariant: 

1. Fourier transform the difference-variable r into canonical 
momentum p 

2. Shift the canonical momentum p to kinematical momen- 
tum k according to p = k - e E T 

3. The gauge invariant functions G are then given by 

G(p, R, r ,  T) = G(k - eET, R, r ,  T) = G(k, R, % T). (8) 

Next we generalize this method to two-particle correla- 
tion functions. Using the same Wigner coordinates as above, 
two-particle correlation functions can be written as 

Xl x~]+[X __ Xl Gab(Xl ,X2 ,Xl ,X2)  = l(~a(Xl~ +~- )  at 1 ~-) 

Within these coordinates it is possible to introduce the gen- 
eralized Fourier transform (6) with respect to both difference 
coordinates 

O ~ b ( k i , k 2 , X l , X 2 ) = / d 4 x l / d ' x 2 G a b ( x i , x 2 ,  X , ,X2 )  

i 
x exp dA (Xl) ,[kl  ~ + e-LAu(XI + Axt)] 

e 

2 

+(x2)u[k~ + e2A"(X2c +/~x2)]) ] • (10) 

In the following we restrict to the s-channel where tt = 
h ,  t'l = ( 2 ,  r = t~ - t'~ a n d  r = (tt + t ' l ) /2 .  Conse-  
quently, the following rule is established to formulate two- 
particle properties gauge-invariant: 

I. Fourier transform the difference-coordinates ra = Xl - x~ 
l and r2 = x2 - x 2 to the canonical momenta Pl and P2 

2. Shift the canonical momentum to kinematical momentum 
according to Pi = ki - eiE T 

3. The gauge invariant functions Gab are then given by 

Gab(Pl, P2, RI, R2, r, T) 
= G~b(kl - eIET, k2 - ezET, R1, R2, r ,  T) 

= Gab(k1, k2, R1, R2, 7-, T). (11) 

In the subsequent considerations we will use yet another 
kind of coordinates which are introduced in the following 
way [27] 

< x~x2lGab(tt')tx~x~ > 
dip dp dp' i , , 

= - -  e g P(Xl + x 2 - x l - x 2 ) / 2  

(27rh) 3 (27rh) 3 (27rh) 3 
xe~l'(Xrx2)+ikP'(Xl-x; ) < plGab(P, R, tt')lp' > (12) 

where R = (xl + x2 + x~ + x~)/4 . Within these coordinates 
the gauge invariant form reads 

e~ - ebET]Gab < plG~b(P, R, T, r ) l p '  > = <  p - 

x ( P  - (e~ + eb)ET, R, T, r ) l p '  + e~ - ebET > . (13) 
2 

These rules are useful in formulating the two-particle prop- 
erties gauge invariant and will be applied in chapter .  

B One-particle properties 

Next we give a relation between the different correlation 
functions of (5) which is not as obvious as in equilibrium 
case where the Kubo-Martin-Schwinger condition holds [28]. 
Assuming the conventional ansatz, i.e. replace the w de- 
pendence of the distribution function by their quasi-particle 
value, the Wigner distribution function f w ( p , R , T )  
= 7:iG<(p, R, 7- = O, T) can be related to the Green's  func- 
tion G < by 

G < (pwRT) = 7:ia(pwRT) fw(pRT) .  (14) 

This is quite good as long as the quasi-particle picture holds, 
the spectral function is sharply peaked around the quasipar- 
ticle energy a(w) ..~ 6(w - e) and no memory effects play 
a role. As we noted in chapter in the discussion following 
gauge invariance, the gradient expansion and the formulation 
of kinetic equations with high fields are basically connected 
with a careful formulation of retardation times. Therefore, 
the simple ansatz (14), called conventional ansatz, will cer- 
tainly fail. 

Another obscure discrepancy is the fact that with the 
conventional ansatz, one has some minor differences in 
the resulting collision integrals as compared with results 
from the density operator technique. With the conventional 
ansatz, one gets just one-half of all retardation times in 
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the various time arguments of the collision integral[7, 26]. 
This annoying discrepancy remained obscure until the recent 
work of Lipavsky, et al. [29], who established a generalized 
Kadanoff/Baym ansatz 

G<(krRT) = ~=ia(krRT)fw 

x ( k - - - e E ' r ' 2  , R , T -  ~@ -)  (15) 

Before we use this ansatz we specify the spectral function 
including electric fields. For free particles corresponding to 
parabolic dispersions the gauge invariant spectral function 
under the influence of constant electric fields is well known 
[26, 4], see appendix A 

1 ao(p,w)=2fdrcos_~Chcor - a  ', 7ram rp2 _ 2--~m r3 )e2E2  \ 

0 

= 2"--~AieE \(pi/2m--e~ hco) . (t6) 

Here Ai(x) is the Airy function [30] and we have defined 
eE = (h2e2E2/8m) V3. Please not that the typical energy 
scale is the same one which controlls the tunneling proba- 
bility through a potential wall E x. It is instructive to ver- 
ify that (16) satisfies the frequency sum rule. In the subse- 
quent considerations we will use this spectral function. The 
time variation of the field E(t) is assumed to be slow com- 
pared with h/ez. Then expression (16) can be used where 
E = E(T) depends on T as a parameter. 

This spectral function can be generalized to interacting 
systems. Within the quasiparticle picture the quasiparticle 
energy co = ep(R,T) is defined by the solution of the dis- 
persion relation 

p2 
cog - - -  - ReSR(pco RT) = 0 (17) 

2m 

where Z '• is the retarded self-energy describing the many- 
particle influence. Then we find the field-free spectral func- 
tion as a sharp peak near the quasiparticle energies, which 
are now independent ofw. In appendix A it is shown how the 
Airy transformation can be used to construct the field and 
medium dependent spectral function. In convenient time- 
representation one finds [4, 12] 

exp f_ iCek(RT)r  ~2E2 \ = L ' ~ \  + ~T3)]  (18) aE(kT.RT) 

or in frequency representation 

aE(kWRT)=27rAi[ 1 ] es -~s (ek(RT) - cob) (19) 

with k = p + e E T  according to 0- This joint spectral function 
is a natural generalization of the quasiparticle picture to high- 
field situations and takes both effects into account: the gauge 
invariance and the many-particle influence. With the help of 
the joint spectral function (19) one obtains the ansatz valid 
for any applied electric field strength [12, 17, 29] in Hartree- 
Fock approximation 

• _z  ~k,-+~E~-3 
G < (k'rRT) = Tze " ( -'~ ) 

xfw (k e~rI,R,T- ]~) (20) 

with the quasi particle energies eK. In order to get more 
physical insight into this ansatz one can transform to fre- 
quency representation [31] 

:'¢ 1 
G<(kcoRT) = g: i2 f drcos~ 

0 
e2E  2 \ 

x @ ~ ' r - e k ( R , T ) T -  2--~mr3 ) 

eRr r 
x fw(k ~ - , R , T -  -~). (21) 

Neglecting the retardation in fw  one recovers the ordinary 
ansatz (14) with the spectral function (19) [see also (16)]. 
The generalized ansatz takes into account history by an ad- 
ditional memory. This ansatz is superior to that of Kadanoff- 
Baym in the case of high external fields in several respects 
[21]: (i) it has the correct spectral properties, (ii) it is gauge 
invariant, (iii) it preserves causality, (iv) the quantum kinetic 
equations derived with Eq.(20) coincide with those obtained 
from the density matrix technique [7], and (v) it reproduces 
the Debye-Onsager relaxation effect [20] . 

I I I  . 7 - M a t r i x  Approximation 

In order to describe short-ranged two-particle interactions 
it is necessary to introduce the standard approximation 
of the many-particle theory, the .27"-matrix approximation 
[32, 27, 28]. In the following we derive this approxima- 
tion with complete time dependence and with the influence 
of high field strengths• This establishes a generalization of 
the known Bethe-Salpeter equation. Consequently, we first 
briefly repeat the general many particle derivation of the 
ladder approximation. This will be done carefully avoiding 
gradient expansions in time coordinates which are related to 
linearizations in the fields• In this way we obtain general ex- 
pressions with complete time convolutions. Then we apply 
the derived transformation rules to formulate our equations 
gauge invariant. The Green's functions and the . 7  matrix 
are given in gauge invariant forms. This will then be the 
stage at which approximations are discussed, since we still 
have reasonable controll of field effects. 

Considering only binary-collision approximation the 
causal two-particle Green's functions can be written 

Gab(121'2 +) = Ga(1 l')Gb(22 +) :T: ~abGa(12+)Gb(21') 2 

+i f d[di'd2d2' [Ga(l i)Gb(22) ::F (SabGa(12)Gb(2i)] 

× < 12['~'~'~b1['2' > Ga(I'I')Gb(~'2+) (22) 

Here the sum of ladder diagrams is defined as a causal 3 - -  
Matrix 

1'2' > = Vab(121'2') + i I did2d3d3'Gb(1233') < 12l.,,~~b [ 

xG~(3bab(3'~) < i~[.gbll'2' > .  (23) 

Since the interacting potential is assumed to be local in time, 
we can simplify the general equations. From the definition 
of the .~7"-matrix (23) we get 



,57" / t / < 121.'7t1'2' > = < XlX2tlt .Y IXlX2tl > 

×6(tl - tz)6(t' 1 -- if2). 

With the abbreviation 

< XlX2t I c.~'abtxlfg2t > :  Ga(xltY:l {)Gb(x2t~2t) 

we get the causal .~-matr ix  

(24) 

/ I I I / 
X 2 ,  X 1, X 2 ) 5 ( t  - -  < XlX2t[.9~ablXlXet >= Vab(Xl, t ' )  

' - x ' 2 )  x25(xl  + X 2  - -  X 1 

+i /" dff: ld~c2dx3dx; Vab(Xl , x2 ,  z3 ,  x~)  

x < X3X13tlC.¢ab13C122t>< - - - '  ' ' ' xtxett.~blxlx2t >.  
(25) 

Within the nonequilibrium Greenfunction technique from 
these causal functions we can derive the correlation func- 
tions as well as retarded and advanced functions by the 
Lengreth-Wilkins rules [33, 31], see appendix B. We find 
the relations in operator notation 

> 

.57" ~ = i V,C~ R. ~ - ~ + i V 5 { ' < . ~  " A 

,~ F 'R /A  = V + i V , C ¢ ' R / A j  ; ' R / A  (26) 

where the products mean integrations about inner variables. 
By replacing the operator 1 - i V g .  CR in the first equation 
with the help of the second one we derive the generalized 
optical theorem [32, 34, 35] 

< X l X ~ t l . ~  ' ' ' - -' - -' - ~' . IXlX2 t >= dxldXldX2dx2dtdt 

> 
- - - c ~ <  - l - t  r/  × < x~x2tl.<fl~<Ceff > <  X~Xatl.~,~b IXlX2 t > 

- t  -t  rt A l t t × < Xlxzt I . ~  IXlxzt > • ( 2 7 )  

From the .~'-matrix equations (26) we get for the retarded 
one within the coordinates (12) 

/ .  
d3 /5  

< p l ~ R ( P R t t ' ) b  ' >= V~b(p,p')6(t -- t') + i J  
(27rh) 3 

t 

/ d{V~b(p,p) < pt.°Tj~(PREt')Ip ' > >( 

- - 0 0  

> p  - > P  
x a ~ ( ~  - p , R ,  t t )a b ( ~  +~,R, ff) 

<P - <P ] 
- G ~  ( ~  - P, R,  t t)G b ( ~  + fi, R,  t{) . (28) 

This system of equations was derived applying gradient ex- 
pansions in space. It is important to remark that the equa- 
tions up to now contain the exact time behavior for both 
microscopic times as well as center-of-mass times. Now we 
formulate these equations gauge invariant. 

We change the time variables according to { = t + ¢, T = 
( t+t ') /2,  r = t -  t' and apply the rules (13) to formulate the 
quantum mechanical two-particle problem gauge invariant. 
Then Eq. (28) becomes 
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ea -2 eb ETf.,~abR(Ka+Kb, R,  T, T)lpl ea --2 eb E T >  <p+ 

0 
i .  d3 fi 

= Vab(p, pl)6(r) + { / / dTVab( 'P ' f )  

- - T  

¢+T ¢+T 
× O > ~ ( K ~ - f + e ~ E - ~ , R , - ¢ , T + T )  

x 0~(h% +p+ ¢ + r  ¢+r -< -<] e b E ~ - - - ,  R,  - ¢ ,  T + T )  - G~ G b 

e~ - eb E ( T  + ¢ x (p-I- 
2 ~) 

x I.¢~[(K~ + Kb + (e~ + eb)E{, R, T + [ ,  r + e)lp' 

e a -  
eb E(T + ~)}. (29) 

The abbreviations K~ = P + e a E T  and Kb = P + ebET 
have been introduced for compactness. 

Now we assume that the macroscopic time T is much 
larger than the microscopic difference time r.  This is justi- 
fied if we consider the macroscopic time scales is in orders 
of the two- particle coherence time rE = lOOfm/c  [see 
introduction and also the discussion after (33)]. Because ¢ 
is smaller than r due to the integration limits, we see that 
T > >  "? and T > >  r.  In energy domain this means that we 
demand 

i h ° °  L OT < < 1 .  

For typical energies about 2 5 M e V  this means that we re- 
strict our considerations to macroscopic time T > >  8 f m / c .  
From this we expand ¢ and r where they occur together 
with the macroscopic time T in Eq. (29) and obtain after 
introducing the ansatz (20) in zero order 

< p + ~ETI~bR(Ka + Kb, T, r)l p' ea - eb ET > 
2 

d3p V, 
= Vab(p, p')6(T) + i / ~ ~b(P, P) 

X (1 -- f ~ ( K a  - ~ , T )  - f b ( K b  +~ ,T) )  
T 

× f ax< +e°-ebETt f2 
0 

e~ - eb E T  > x (K~ + Kb 'x 'T) IP '  2 

i iK~-~22,~ +--2-~b (z-T)+ 2-r(-:-~&+~)(z--r) 
x e . ( 3 0 )  

Here we changed additionally ¢ = z -  r.  The energy ar- 
guments of the distribution functions are the quasi-particle 
energies. In appendix C and [17, 12] a slightly more general 
result is found including retardation effects. Before we solve 
this equation in the next chapter we give the link to known 
results. In the field-free limit one recovers the standard result 
of the Bethe-Salpeter equation. To see this it is possible to 
write (30) in a more familiar way 
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< p + ~ _ ~  ETl.~.~(K~ + Kb,co, T)lP, e~ -eb  ET > 
2 

= Vab(P' P') + / ~ Vab(~' 

e a  - -  e b  ET].,~-R(K~ + Kb, w, T)lp' 
x < / ~ +  2 

ea - eb ET > 
2 

_ :~)2 + (K~ + 9)_______ 2 
x ~ (  ( K a  . _ & )  

2ma 2mb 
× (1 -- f~v(K,~ - P, T) - fb (Kb  + P, T)). (31) 

The function ~5 is given in terms of Airy-functions [30] 

~(z)  = GI(~-~E) + zAI(~E)  . (32) 

Here the typical energy scale AE is 

I 

(E2)~2( e2 e2 )'~ ' (33) 
AE = \---~ m - 7 + m b  / " 

As can be seen, the function ~ reduces to 1/(z + ir]) in 
the field free case, where AE tends to zero, such that the 
known Bethe-Salpeter equation occurs as the standard .7"- 
matrix equation [1, 27, 32, 28, 34]. Therefore we can inter- 
pret rE = h ike  as the characteristic timescale describing the 
intra-collisional field effect. Similar time scales have been 
analyzed in detail in [36, 37] for an electron-phonon sys- 
tem. The effect of finite collision duration is also presented 
in [38, 6], where similar expressions for are discussed with 
respect to the band structure effects in a semiconductor. 

Eq. (33) represents a pure quantum effect and vanishes as 
in the field free case for h ~ 0. Without fields, the Bethe- 
Salpeter equation (31) with the factor 1 7= f q: f = (1 =F: 
f)(1 q: f ) -  f f  includes, in principle, more than the Bloch-de 
Dominicis equation [39] with a respective factor (1 =F f ) ( l  :g 
f ) ,  by allowing for both intermediate particle - particle and 
hole - hole, excitations. In the zero-temperature limit for 
Fermions Eq. (31) corresponds to the Galitskii [40] equation, 
while the Bloch-de Dominicis equation corresponds to the 
B e t h e -  Goldstone [41] equation. Differences between the 
equations have been discussed in detail in the literature ( for 
references, see [32] ). 

IV Solution of the ~'~-matrix equation 

In consequence of  the assumed separable potential of rank 
one 

Vab(P, p')  = a9(P)f(P')  

the potential is nonlocal and therefore not gauge invariant. 
However, the effect we will discuss here is not restricted to 
the nonlocality of the potential. Therefore this potential is 
used for illustrative reasons, because we can represent the 
retarded ~ ' - m a t r i x  as 

(pl '.:~bn(e, R, T, r ) tp '  ) = ag(p '  ea - ebET ) 
2 

+ -~%--~ET) .9~(P  - (el + eJET, R, r, T). (34) xg(p 
z 

Introducing this into eq (31) we can solve the equation for 
• 5 z" by Fourier-transformation in difference time r .  The so- 
lution of the . W - m a t r i x  equation (30) reads 

(pl .~b(P,  R, ~o, T)Rfp ') 

Ag(p' - ~° 7 ~  ET)g(p + ~ E T )  
=- ( 3 5 )  

1 - AJ(P, R, E, co, T) 

with 

J(P, R, E, w, T) = / (2d~--~Ph)3 g(p + ~ - ~ E T ) 2  

p2 p2 
xcb(~--~m + - -  - w). (36) 

m 
The function ~ is given by (32). In the previous equations 
the mass difference between the particle has been neglected. 
The more general expression is obvious. 

Equation (35) represents the main result of this paper, tt 
gives the solution of the medium dependent Bethe-Salpeter 
or .~-'-matrix equation in high fields including the medium 
effects via Pauli blocking factors. Similar investigations were 
performed in [7] within the framework of a random-layer 
model for semiconductors where the equations are less in- 
volved and the scattering . 7 - m a t r i x  was used. 

Before we give numerical results in the next chapter, 
let us qualitatively discuss the physical content of (35). The 
field effects arise in two different ways. First, for different 
charged particles ea # eb, the applied field will decrease the 
.5;"-matrix due to the coupling terms (ea - eb)ET and there- 
fore will destroy any two particle correlation with increasing 
time. This is basically the fact that the two particles will be 
accelerated in different ways and lose coherence. In what 
follows we estimate the different time scales and show that 
the macroscopic time T is separated from the microscopic 
time -r in the nuclear matter situation considered. The two 
particles become uncorrelated after a time T when the mean 
value of the momentum p < lea - eblE, cT corresponding to 
(35). Equating the latter expression we define the correlation 
time Tco~ = p/(fea - ebJEc). In a nuclear matter situation 
the effective radial Coulomb field of a nucleus with charge 
Z,~ acting on a spectator is given by 

e Z~ Z,~ 
Ec - 4rce~ ~2 ~ ~ x 106 X V × fm. 

This means an elementary charged particle will feel a 
field of 100 MV/fm in a distance of  1 fm of the residual, 
charge-100 nucleous. The correlation time Tco~r is therefore 

fm r 2 Tco,~ = 2--7-(7- ~ )  for nuclear mater conditions. Now we re- 
turn to the approximation which leads from eq (29) to (30). 
The macroscopic time T of the two- particle correlations are 
determined by the orders of Tco~,-. The microscopic time r 
of eq. (29) is of the order of the time the particle needs 
to move the difference coordinate r. For this distance r the 

3f,~ r particle needs T = - 7  7-~' Therefore the macroscopic time 
increases quadratically with the distance whereas the micro- 
scopic time is proportional to the distance from the residual 
nucleous. This means that our assumption of  T > >  r in 



deriving (30) from (29) is well justified. A generalization 
including retardation effects is given in the appendix C. 

For further numerical illustration of the content of equa- 
tion (35) we will limit the discussion to equal charged parti- 
cles like p-p correlations or assume for the triplet channel a 
sudden enough push of the electric field in order to establish 
stationary conditions - where only the intrinsic field effect 
is important. This second effect, which we focus on, is to 
be observed mainly for equal charged particles where the 
time dependence of the T matrix vanishes. The remaining 
coherence effect is condensed in the function ~b in (32). In 
the field free case the function ~ reduces to 1/(z + ic) such 
that the known Bethe-Salpeter equation occurs [1]. There- 
fore, this effect is not depending on local or nonlocal po- 
tentials. This effect is a pure quantum mechanical one and 
is not possible to understand by classically. In the classi- 
cal case one would expect that the correlation between two 
equally charged particles will not be changed by a constant 
electric field. Here we see that the correlations between two 
quantum objects can be altered by an applied electric field. 
This reflects the nonlocality of the scattering process. In 
semiconductor physics this effect is sometimes called intra- 
collisional field effect [26, 36]. 

V N u m e r i c a l  results  

For the purpose of exploratory calculation of the expected 
effects we choose a model for the interaction of Yamaguchi- 
type [42] 

VabO, P')  = A~(p)g(p')  

where 

1 
9(]0) = p2  + / ~ 2 '  

The parameters A and/3 are chosen to reproduce the bound 
state energy of the deuteron and the scattering length for the 
triplet phase. 

In eq. (36) we performed the azimuthal integration and 
the remaining two dimensional integral was done numeri- 
cally. It involves fast oscillating functions and is in general 
dependent on 3 angles, i.e. (p, E), (p~, E) and ( K , E ) .  In 
our case we consider the quasistationary condition, e.g. for 
equal charged particles, wherein the first two angular de- 
pendence vanish and only (K, E)  remains. In the following 
we restrict to longitudinal fields with respect to the center 
of mass momentum K,  which represents the maximal ex- 
pected field effect. Due to the complicated field coupling a 
partial wave decomposition would be senseless here. There- 
fore we d id  not use angular averaged Pauli-blocking factors, 
but considered them completely. 

A Scattering properties 

First we give the numerical solution of the 57-matr ix  at 
positive energies. There the 27"-matrix becomes a complex 
valued function because J has a nonvanishing imaginary 
part. Similar to the low density limit, the on-shell scattering 
is characterized by phase shifts. This is a representation of 
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Fig. 1. The field-free triplet phase shifts for different densities vs. the en- 
ergy difference of two correlated particles. The density of protons/neutrons 
is given in terms of nucleon density no = 0.16fro -3.  For the low density 
limit the phase shift approaches the value zr indicating a bound state cor- 
responding through the Levinson theorem. With increasing densities this 
bound state vanishes at a special critical density known as Mort transition. 
At higher densities the Pauli-blocking effects cause a sign change in the the 
phase shifts at small relative momenta equivalent to an effective repulsion. 
This leads to an onset of a resonance at energies around 2/.z which can be 
interpreted as the onset of superfluidity 

the ~3"-matrix, where the latter one gives direct access to 
the equation of state by itself. Starting from the solution of 
the ,~ ' -matr ix in our model we consider the ratio 

Im < J "  > 
(37) tan 6(.p, n, T, E)  - Re < .~2-- > '  

which carries certain information about the 3 -  -matrix and 
which has a simple interpretation as the momentum, den- 
sity and temperature-dependent phase shift in the field free 
case [1]. In the considered field dependent case, this is a 
formal parameterization of the f f  matrix. The interpreta- 
tion as phase shifts known from ordinary scattering theory 
are not obvious anymore. This is connected with the fact 
that one does not have plane waves as incoming particles. 
In high field case the incoming plane wave is modified to an 
Airy-function. The quantum mechanical scattering is there- 
fore much more complicated. But the above definition can be 
understood as a quantitative measure of the medium and field 
dependent ,27" -matrix and can be compared to the known 
phase shifts from field free solutions. 

For instance in Fig. 1 we plot the density dependent 
phase shifts for a temperature of 10 MeV versus the relative 
energy of two nucleons having a total momentum k = 0 for 
the field- free case. All phase shifts were obtained with the 
numerical representation of the &function and the principal 
value, to which the expression (32) should collapse for van- 
ishing fields. This highly oscillating function for small fields 
serves as a check for the numerics. The result agrees with the 
former ones in [43, 1] as it should. For energies k2/ra < # 
the Pauli blocking factor (1 - f~v - f b )  becomes negative, 
so that this term in the Bethe-Salpeter equation acts like a 
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Fig. 2. The field-dependent triplet phase shifts for different densities vs. 
the energy difference of  two correlated particles. The applied electric field 
strength are 20 x Ec. The same parameters are used as in Fig. 1. The bound 
state at low densities turned into a resonance owing to the field effect and 
resulting in a value of the phase shift between 0 and rr at small relative 
energies 

repulsive force which gives rise to negative phase shifts at 
special densities [1]. This is to be seen for densities above 
no/lO. 

From the behaviour of the phase shifts at  k 2 = 0 one con- 
cludes that in the low density limit the triplet state possesses 
a bound state following Levinson's theorem. As can be de- 
duced from the figure this bound state vanishes between the 
densities n0/20  and n0/30  turning the phase shift from 7r to 
0. This behaviour will become more transparent when the 
bound states are considered explicitly in the next paragraph. 

For special poles Re(1 - J(aJ = 2#)) = 0 the J ' -matr ix  
approximation of the equation of state breaks down and the 
onset of BCS state can be observed [1, 44]. In Fig. 4 the 
phase shifts are plotted for different temperatures at a fixed 
density. One sees clearly the enhancement of the resonance 
at k2/m = 2,a indicating the onset of  superfluity and the 
breakdown of the , 7 -  matrix approach. Further on we con- 
centrate on temperatures above this critical value. 

In Fig. 2 we plot the same temperature and density de- 
pendent phase shifts but let an electric field act on the two 
particles. Here we introduce a scaling field-strength of 

ti 2 f 8 -1 
E ¢ = ~  / ~ x e  x f m  -3,  (38) 

where Z~, Zb are the charges of the correlated particles. As 
can be seen we no longer have bound states as Levinson's 
theorem would suggest. This becomes more obvious in the 
Fig. 3 a where the low density phase shifts are plotted with 
and without fields. 

The second observation is that the Pauli-blocking ef- 
fect becomes suppressed due to the field. Whereas in the 
field-free case the effective potential becomes repulsive at 
higher densities we see in Fig. 3 b that for densities around 
n0/50 - n 0 / 2 0 ,  where the field free shift already changes 
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Fig. 3. The field dependent triplet phase shifts (solid line) for 3 differ- 
ent densities together with the field free shifts (dotted line) vs the energy 
difference of two correlated particles. The applied electric field strength 
are 20 x Ec corresponding to Fig. 2. At small densities (top picture) the 
bound state is turned into a resonance resulting in a value of  the phase 
shift between 0 and rr. Further oscillations occur at higher energies due 
to field effects and the oscillating spectral funct ion.At  densities where the 
Pauli-blocking effects cause a repulsion in the field free case (middle pic- 
ture) the field effects lead to a decreasing of  Pauli-blocking. This is due to 
the enlargement of  the available phase space by the external field. At high 
densities where the onset of the superfluid phase transition is starting as 
a resonance around energies of 2p (bottom picture) the field effects cause 
an abrupt onset of  the coherence. Without fields this behaviour is found at 
smaller temperatures, which means that the pairing occurs already at higher 
temperatures due to the field 

the sign, Pauli-blocking is less remarkable within electric 
fields. On account of the field additional phase space be- 
comes available for scattering which is not accessible with- 
out fields essentially due to Pauli-blocking. 

A third observation is that the onset of the singularity in 
the J"-matrix due to the pairing is pronounced in a similar 
way as it is in the field-free situation, but occurs already 
at higher temperatures. As discussed in [1] the pole in the 
.7"-matrix, which is located at k2/m = 2# in the field free 
and low density limit, gives rise to the onset of BCS states. 
The onset of this singularity is to be seen in the resonance 
around k2/m -= 2# which becomes more pronounced at low 
temperatures. In Fig. 4 we plot the phase shifts above and 
below the critical temperature for different densities. The 
sharp increase near k2/m - 2# is demonstrated. The crit- 
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Fig. 4. The field independent triplet phase shifts for 3 different temperatures 
chosen at two different density situations. The BCS resonance becomes 
enhanced with decreasing temperature. For nuclear matter density no the 
critical temperature is about 51~/eV. This illustrates the statement of the 
Fig. 3 (bottom) 

ical temperature is around 5 MeV. The same abrupt onset 
of transition to superfluity is now observed with an electric 
field, but already at higher temperatures. Figure 3c shows 
the phase shifts for a density n0/10 and a temperature of 
T = 10 MeV where the field free shift changes sign and 
starts to show a resonance. In the field dependent case the 
resonance is very pronounced like it is for lower temper- 
atures in the field free case. Therefore we believe that the 
pairing area in the temperature - density plane is enlarged 
due to field effects. This effect is very puzzling in the sense 
that from ordinary transport theory one expects an increase 
of the particle temperature and a destruction of coherence 
due to the field. Here we found quite the opposite, namely, 
for the two- particle problem the coherence phenomena leads 
to a higher pairing temperature, which would corresponds to 
lower kinetic temperature without coherence. This means the 
particles become ordered already at higher temperatures due 
to the field. This is understandable in the way that the co- 
herence is built up. In other words, we obtain an enforced 
onset of coherence in a constant external field by the quan- 
tum mechanical nature of the scattering process. 

B Bound states in high field 

Turning to the solution of the . 7 - m a t r i x  with negative en- 
ergies we can identify the poles as bound states in the sys- 
tem. In Fig. 5a we give the imaginary versus the real parts 
of the pole in dependence of the density at 10MeV. One 
sees that the bound state vanishes around n0/20 - n0/30. 
At these densities the imaginary part is zero translating into 
long living correlations, i.e. bound states. This means that 
bound states like deuterons can only persists at a later stage 
of fragmentation where the mean density is below the Mott 
density of no/20 - no/30. In the early phase of heavy ion 
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Fig. 5. The imaginary versus real parts o f  the bound state energy of  the 
deuteron state vs. density for a temperature of  10 MeV for the field free case 
(above) and for a field of  20Ec  (below). Whereas  without fields (above) 
the bound state vanishes at a special density and the imaginary part is 
zero, at high fields the imaginary part  is finite indicating a finite lifetime 
of  the correlated state and shows a complicated density dependence of  the 
resonance energy and damping 

collisions where densities are reached up to 3n0 - 4n0, no 
bound deuterons are possible due to pressure ionization. 

In the next Fig. 5b we give a plot of the imaginary versus 
the real parts of the poles at applied field strengths of 20Ec 
corresponding to the scattering data in the last paragraph for 
the same varying values of density. We see that the poles 
acquire imaginary parts indicating the finite lifetime of the 
correlation. It is interesting to notice the nonlinear behaviour 
of the correlation lifetime with increasing density. First we 
see that with higher density the life-time increases slightly. 
At density regions where the Pauli-blocking effect will cause 
a change to a repulsive interaction, we see that the lifetime 
decreases with higher densities in the field-free case. The 
same nonlinear behaviour is observed in the next plot of real 
and imaginary parts vs. the applied electric field in Fig. 6 
for a low density limit. The energy of the correlation is 
reduced from the deuteron binding energy - 2 , 2 2  MeV with 
increasing fields. At the same time the imaginary part rises 
sharply indicating that the bound state becomes a resonance. 
At a field strength of 15Ec the energy of the resonance turns 
back and crosses the real axes at a critical field strength of 
20E'c. Correspondingly the imaginary part has a maximum 
indicating the shortest lifetime. The higher field behaviour is 
characterized by oscillations up to unstable behaviour, which 
is given by negative damping. 

The oscillating behaviour becomes more observable if 
one considers a density where the bound state is absent in 
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Fig. 6. The imaginary (below) and the real part (above) of the correlation- 
state energy for vanishing density vs, the applied electric field. The vanish- 
ing damping or infinite life time of the deuteron becomes finite for higher 
field strengths and the bound state energy turns into a resonance moving in 
the complex plane. At special field strengths it crosses even the real axes 
and turns into an oscillating behaviour which is not plotted here 

the field free case. For a chosen density of no/4 in Fig. 7 
corresponding to the density in case d of Fig. 1, we see that 
the pole moves in the complex plane crossing the real axes 
at higher critical fields than it is the case at lower densities. 
It is remarkable to observe that the damping in Fig. 7 is neg- 
ative for small fields. This means that the system is unstable 
in situations where no bound states occur in field-free situa- 
tions. The resonances are such that the correlations give rise 
to unstable behaviour in small fields, which may influence 
the fragmentation process. 

VI Summary 

In the present paper we give have studied the problem of 
Coulomb signals from the early stage of heavy ion collisions. 
We have found that the influence of the Coulomb field of the 
residual nucleus on nucleonic correlations is important and 
can be estimated by a model of correlations which gets a 
Coulomb " push " in the early stage of evaporation or frag- 
mentation. This modelled push of a constant field allows the 
formulation of the original three particle problem as a two- 
particle problem with an external field. By an explicit gauge 
invariant formulation of the nonequilibrium .2U-matrix we 
derive the Bethe-Salpeter equation with exact time evolu- 
tion generalized to the influence on external electric field of 
arbitrary strength. 

Using a simple Yamaguchi-type of interaction we pre- 
sented the solution of the Bethe-Salpeter equation with 
medium and field dependence. Field-free results reduce to 
results of earlier publications. An interesting interplay was 
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Fig. 7. The imaginary (below) and the real parts (above) of the correlation- 
state energy vs. the applied electric field for a density of n o / 4  corresponding 
to the situation f of Fig. 1. In contrast to Fig. 6 a density is chosen where 
no deuterons are present without fields. One sees that the field dependence 
leads to a decreasing of the lifetime corresponding with an increasing of the 
imaginary part of the resonance energies at higher fields. It is pronounced 
that the small field behaviour shows a negative damping indicating an un- 
stable situation. This is due to the fact that at densities of this high no 
deuterons are present anymore and the bulk nuclear matter becomes unsta- 
ble against small perturbations in this density region 

found between medium and field effects. We observed that 
the two-particle bound states become resonances with corre- 
sponding field dependent lifetimes. A minimal lifetime oc- 
curs in dependence on field strengths. These bound states 
with finite lifetimes are shifted towards positive values of 
energy which can be considered as the transition to scatter- 
ing states. This indicates a scattering state as a two-particle 
correlation in the medium and field. 

Suppression of the phase shifts due to Pauli blocking is 
lowered by the applied field and can be understood in that 
the available phase space for scattering is enlarged by an 
applied external field. Furthermore, the onset of superfluidity 
as a resonance in the scattering phase shift is seen to become 
significant already at higher temperatures in comparison to 
the field-free case. This is interpreted as the enforced onset 
of coherence due to the external field. 

By exploratory numerical solutions of the complex bound 
state energies we observe unstable behaviour at smaller field 
strengths and high densities which corresponds to the field- 
free situation where the bound states are already absent due 
to Mort transitions. 

The authors are indebted to Kevin Haglin for reading the manuscript. This 
work was supported by a grant (K.M) of the German Academic Exchange 
Service. 
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Appendix A: Spectral function 
in a uniform electric field 

Here we give a short derivation of the spectral properties of 
particles in highelectric fields [12]. We want to consider next 
the retarded Dyson equation for a particle in a uniform elec- 
tric field, where the field is represented by a vector potential 

E(t)  = - c  A(T)  

[i~ - e(p - eA(t))] gon(p, tt ') : 5 ( t  - t'). (A1) 

This equation is readily integrated [26, 4] 

- i  f du e(p-A(u): 

9oR(p, tt') = - i O ( t  - t')e ~ (A2) 

which leads just (16). 
In frequency space, it reads 

Ai ( k2 /2~-n~°-h~ 
eE / 

(A3) 

Applying the Airy function orthogonality [45], the following 
relation holds true 

f dw n , . h w - h w ' )  1 
k2 27r ~E90 (k, w )A~( CZ wh - ~m + ie 

--00 

= 9 g ( E  = O, k, w). (A4) 
This means, in other words, that the interaction-free but 
field-dependent retarded Green's function go n can be ob- 
tained from the interaction-free and field-free Green's func- 
tion by a simple Airy transformation. This is an expression 
of the fact that the eigenfunctions of the Schrrdinger equa- 
tion with constant electric field are Airy-functions and the 
retarded functions (B2) can therefore be diagonalized with 
those eigen-solutions[46, 25]. 

1 The quasi-particle picture 

Next we want to include collisions, which can be done by 
the Dyson equation with self-energy 

~ t l  (}Vl + e E t 0  2 
(ih + 2m )gR(1, 1') = 6(1 -- 1') 

+ f d~zR(1,  ~)gR(T, 1 ') .  (A5) 

From this equation it is now possible to derive an exact 
solution for the inverse retarded Green's function. First we 
see from (A5) the following form of the inverse functions, 
which may be understood as operators in time space when 
the internal integration is performed 

. 1 0  ( g n ) - l ( r R T T ) =  - [ ~ h [ ~  - ih 0 

7V~ - eE(T - ~))2] 
(A6) 

Here we have introduced Wigner coordinates following ~- = 
t - t and T = (t + t)/2. If one adds the conjugate equation, 
one finds in the momentum/frequency domain 

(p+eET)2 ] 
(9R)- I (pRwT)  : wh 2m J -- E R ( p p ~ T ) ,  (A7) 

which means that (A7) is an exact form of the inverse oper- 
ator of retarded functions including any interaction, whereby 
no approximations were made. The problem is merely to find 
the function itself, since the knowledge of the retarded one 
provides the spectral function and thus the spectral proper- 
ties of the system. It can finally be stated that the form of 
(A7) is easily written in gauge-invariant form (see chapter 
), which is as well an exact relation following 

(gR) -~(kRwT)= [ w h -  ~m] - Z R ( k R w T )  

where all quantities are then gauge-invariant. It is not pos- 
sible however, to derive the required inverse of this form 
simply by inverting the right-hand side and considering the 
frequency singularity placed on the upper half plain corre- 
sponding with the retarded character. As we demonstrated 
in the preceding chapter, this would merely yield the inter- 
acting yet field-free spectral function. Instead, we have to 
transform additionally with the Airy transformation to get 
the correct field-dependent spectral function (A4). 

With the help of this procedure we include now the many 
particle effects in the quasi-particle picture. Therefore, we 
follow a standard procedure for the field-free case. With 
conventional gradient expansion, one can invert the field- 
free Dyson equation (A5) directly and obtain in second order 
gradient expansion the spectral function 

a E=O(t~ RT)  
I m ~  n(pw R T )  

= . (AS) 
[wh - ~ - ReE•(pwRT)]  z + [l ImE(pwRT)]2  

For small imaginary parts of self-energy, and consequently 
small damping the 6 function introducing the quasiparticle 
picture is derived 

aE=o(pwRT) = 27c6(2~ ' + R e ~ R ( p w R T ) )  

27r 
= 6(wh - e(pRT)), (A9) 

[1 - O~oReZ(pwRT)[~=c 

with the quasiparticle energy e, which can be found from 
(A9) by the dispersion relation 

p2 
sh - - -  - R e E R ( p e R T )  = O. (A10) 

2m 

This is the required approximation for the many-particle in- 
fluence. 

As long as it is justified to introduce a quasi-particle 
picture by vanishing-damping, we find the field-free spectral 
function as a sharp peak around the quasiparticle energies, 
which are now independent of w. This means we can ap- 
ply the transformation (A4) to obtain the field-dependent 
spectral function including many particle influences. In con- 
venient time-domain one finds (18). This derived spectral 
function is called joint spectral function, according to [4]. It 
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is the natural generalization of the quasi-particle picture to 
high-field situations and takes both effects into account: the 
gauge invariance and the many-particle influence. It might 
be informative to note that the dispersion relation (17) itself 
is gauge-invariant. 

Appendix B: The Langreth-Wilkins rules 

The causal functions are defined in terms of the correlation 

function G <~ 

G(1,2)  = O(tl - t2)G>(1,2)  - @(t2 - h )G<(1 ,2 ) .  (B1) 

It is furthermore useful to introduce the retarded and ad- 
vanced Green functions according to 

GR(1,2)  : O(ti - t2) [G>(1,2)  - G<(1,2)]  

GA(1,2) = O(t2 - tl) [ G < ( I , 2 )  - G > ( I ,  2)]. (B2) 

A formally closed equation for the single-particle Green's  
function can be reached with the introduction of the self- 
energy 

i i d 2 V ( 1  - 2)G2(12, 1'2 +) q: 

= f d i S ( i ,  I ) G , ( I ,  1'), (B3) 
J C  

where the contour of integration C has to be determined 
in such a way that the boundary conditions are fulfilled. In 
order to obtain solutions and the path of integration C it is 
necessary to specify the initial conditions. In many physical 
situations the condition of weakening of initial correlation 
is an appropriate choice [34, 31] 

lim G2(121'2')lt,=t2+~,ti,=t,,+ e 
t l - + - - o o  

= G(11')G(22') T G(12')G(21'). (B4) 
From this equation we get 

+OO 
L d ' Z ( 1 ,  I )G( [ ,  I ' , =  / dl {Z(1,  l ) G ( i ,  1') 

- o o  

- S < ( 1 ,  i)G>(i, 1')}. (B5) 

It is easy to see that the boundary condition is fulfilled, since 
the contribution (B5) vanishes in the limit t~ = t~  --+ - o o .  

With the help of (B4) it is possible to establish useful 
algebraic rules known as Langreth-Wilkins rules, which de- 
scribe the way to get correlation- or retarded functions from 
causal ones. They were first found by Langreth and Wilkins 
[33]. If we have e.g. products of Green's  functions and in- 
tegration over inner variables 

C(1,2)  = / diA(1,  i )B( I ,  2) (Br) 

we can show that with the help of  (B4) the following rules 
can be obtained building up correlation functions from (B6) 

C<(1 ,2)  = d i A " B  < + d i A < B  a, 

cr /a(1,2)  = f d i A " / a B  '~/a. 

(B7) 

(B8) 

Appendix C: Bethe-Salpeter equation 
with retardation effects 

Here we like to present a less restrictive approximation to 
the exact equation (29), which was carried out in deriving 
eq. (30). It will lead to the inclusion of retardation effects. 

Instead of neglecting all difference times in (29) as com- 
pared to the macroscopic time T we now concentrate to the 
exact phase factor in (29). We introduce the ansatz (20) and 
the two particle propagator in (29) takes the following form 

( [  > > < < i 2ma 
a a G b - G a G b = exp (Ka p + e a E ( ~ ) )  2 

(Kb + ~ + ebE(L~2_))2] 7= + iEZ(2 ea2 + eA)~3 N} 
-t 2~bb - J 24 rn<~ mb / 

e,E(-{  r x 1 - fv~v.(Ka - i0 + r + ' ? ) , T +  ~ + ¢ )  

E "r r + ¢))  (C 1 - - f~v(I (b+~+eb ( [  + ¢ ) , T +  [ ) 

If one now introduces (C1) into (29) one sees an compli- 
cated dependence on the difference time r as well as the 
integration time ¢. 

Besides the "? dependence, which yields an oscillating 
function of Airy-type, there is an additional dependence on 
T + ~-+÷ in the arguments of the quasiparticle energies. This -g -  
would yield additional oscillations besides the one already 
described. Therefore we restrict the attention to the mean os- 
cillating function which was treated in chapter .  This means 

~-+e T in the phase factor. we should ensure that T + _~- --+ 
This can be done in a saddle point like manner by replacing 
"? ---+ - r  in the remaining functions under the time integral, 
except the explicit difference coordinates. We obtain instead 
of (30) the slightly more general result 

< p + ~ - ~ E T I . T a a b R ( K a  + Ks, TT)Ip' e a -  e5 E T  > 
2 

f d3p V~b(~, 
= Yah(P, p')~5(r) + i ] P) 

E(T - ~) 
ea eb 

× dz <:0+ ~ 

0 
e a T , 

x I .~'~(Ka + Kb 2 + eb E(r) ,  x, T - ~)IP 

e a  - -  e b  T ~E(T- ~) > 
~ ~ 2 ..,.,,", 

x e  - L  .>too " -m-- - - -TJ"- '  :--a-,,,,~ m,," -- ' )  

x ( 1 -  f ~ ( K a - f i - e a E T , T -  7) 

T T \  

~ f ~ ~K b + <2) 

In this result we account for retardation which leads to dif- 
ferent dependence of the difference time r .  The energy ar- 
guments of the distribution functions are the quasiparticle 
energies including off-shell effects by memory [31]. In the 
same manner as was done in deriving (31) we can express 
(C2) in a more familiar way using the Airy-transformation 
[46, 25] 
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< p* I . ~ ( h ' a  + K6, "r, T)tp'* > 

:Vab(p,p')+if~v~b(~,p)f d~2 

( K a  --~6)2 + {/x'b+p}2 1"2 
2 m a  2 m  b -- - -~e  

( T 
x 1 - f ~ ( K ~ - ~ - e a E ~ , T - ~ )  

T 
-f (a 

with p* = p + ~ ET,  p'* = p' - ~ - ~  E T  and p* =/5 + 
~.-~b E T  as abbreviations. Here the notation. :'/~,Y" indicates 
the Airy-transformation 

• ,-~.'7(G(co); ~)(0)  = f UE d--~-w Ai( Y2uZ-- co )G(co) (C4) 

where Ai(x) is the conventional Airy function [30] and the 
scaling frequency uZ is introduced in (33). As can be seen, 
the Airy transform will collapse to an identity transforma- 
tion for zero fields, where UE tends to zero, and we ob- 
tain the standard :7-matr ix  equation provided we neglect 
the time retardation in the distribution functions. This result 
one would have been obtained without fields. In this way 
we derived a generalization of the Bethe-Salpeter equation 
including retardation effects in addition to the field depen 
dence. 
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