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Correlations in many-body systems with two-time Green’s functions
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The Kadanoff-Baym~KB! equations are solved numerically for infinite nuclear matter. In particular we
calculate correlation energies and correlation times. Approximating the Green’s functions in the KB collision
kernel by the free Green’s functions the Levinson equation is obtained. This approximation is valid for weak
interactions and/or low densities. It relates to the extended quasiclassical approximation for the spectral func-
tion. Comparing the Levinson, Born, and KB calculations allows for an estimate of higher order spectral
corrections to the correlations. A decrease in binding energy is reported due to spectral correlations and
off-shell parts in the reduced density matrix.
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I. INTRODUCTION

The quantum Kadanoff-Baym equations~KB! @1# de-
scribe the time evolution of the two-time~one-particle!
Green’s functionsG(p,t,t8). Imposing various approxima
tions they have played an important role in the past deve
ing corrections to the classical Boltzmann equation such
memory effect and damping. With some restrictions it is n
however feasible to solve these equations numerically w
out approximations.

We like to emphasize the following differences betwe
the Boltzmann and KB equations. In the quasiclassical M
kovian Boltzmann-equation correlations are explicitly n
glected. The spectral functions are given by the quasipar
approximation. The kinetic energy is conserved in each
nary collision, while the correlation energy is neglected. T
equilibrium density distribution~in momentum space! is a
Fermi distribution. Oppositely, in the KB equations corre
tions are carried by the two-time Green’s functions. The to
energy including the interaction potential energy is co
served. The reduced density distribution is given by a f
quency integral of a spectral function of nonzero width an
distribution function. At equilibrium this distribution func
tion is again given by a Fermi distribution.

The various approximations of the KB equations diff
essentially by the reduction schemes of the two-time Gre
function to the reduced density matrix or even to the qua
particle distribution. That this reduction is nontrivial can
traced to the fact that the Fermi and quasiparticle distri
tions decrease exponentially with energy while the redu
density matrix possesses power tails. In this paper we
dress some common schemes from the numerical poin
view.

Numerical results of the quantum KB equations alrea
have been compared in the past with the classical Marko
dynamics as well as with other frequently used approxim
tions @2,3#. The study was made in particular with referen
to collisions between heavy ions usually studied with
Boltzmann equation or the BUU, VUU, etc., versio
thereof. The general conclusion of the study was that qu
0556-2813/2001/64~2!/024613~13!/$20.00 64 0246
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tum effects reduce relaxation rates by a factor as smal
one-half. This fact can be interpreted as being due to the p
renormalization or wave function renormalization@4#.

Since the first numerical applications of the KB equatio
by Danielewicz @2# several contributions to this evolvin
new field have been published with applications to nucl
matter@5,3,6,7#, to one- and two-band semiconductors@8,9#,
to phonon production ine-e collisions in plasmas@10# as
well as to electron plasmas in general@11,12#. Details of the
computational methods are published in Computer Phy
Communications@13#.

The KB equations are designed to study time-depend
nonequilibrium phenomena but they can also be used
study the system in its final equilibrium state. An example
found in @5# where an initially uncorrelated zero-temperatu
Fermi distribution time develops into a correlated syst
whilst the collisions are calculated with the time-evolvin
correlated Green’s functions. The buildup of correlations
manifested as an asymptotic decrease in potential~correla-
tion! energy~initially zero!, with a corresponding increase i
kinetic energy, while the total energy is constant. The res
ing Green’s functions contain a wealth of information su
as correlation energy and particle distribution. Spectral fu
tions are also easily derived. Although the collision term b
sically implies a second order calculation with respect to
potential the propagators are by the process of time itera
dressed with second order insertions~with their proper en-
ergy dependence! up to all orders.

In this paper we further address and explore these feat
of the KB equations. In particular we focus on correlati
times and energies. We also extend previous comparis
@14# with the Levinson equation. This equation can be o
tained from the KB equations by approximating the prop
gators in the collision integral by free Green’s functions. T
comparison between the two approaches allow us then
only to explore the validity of the Levinson equation but al
to asses the importance of the higher order diagrams as
ated with the dressing of the propagators.

Although the interaction can in principle be aT matrix,
including ladder summations, the presented calculations
©2001 The American Physical Society13-1
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done with an effective time-local interaction. Section II co
tains a short summary of the KB formalism used in th
paper. Section III deals with the Levinson equation and so
relations involving correlation energies and the Born a
proximation are shown. An apparent dilemma concerning
Born approximation result in Sec. III is resolved in Sec.
using theextended quasiparticle picture. Numerical results
are shown in Sec. V and Sec. VI summarizes our finding

II. THE KB EQUATIONS

We show some of the equations regarding the KB form
ism needed for our presentation. For further details see,
example, Refs.@1,2,15#.

In a homogeneous medium neglecting the mean field
KB equations reduce~with \51) to

S i
]

]t
2

p2

2mDG,
.

~p,t,t8!

5E
t0

t

dt9@S.~p,t,t9!2S,~p,t,t9!#G,
.

~p,t9,t8!

2E
t0

t8
dt9S ,

.

~p,t,t9!@G.~p,t9,t8!2G,~p,t9,t8!#,

~1!

S 2 i
]

]t8
2

p2

2mDG,
.

~p,t,t8!

5E
t0

t

dt9@G.~p,t,t9!2G,~p,t,t9!#S ,
.

~p,t9,t8!

2E
t0

t8
dt9G,

.

~p,t,t9!@S.~p,t9,t8!2S,~p,t9,t8!#.

~2!

The notations are the conventional ones.G. and G, are
essentially the occupation numbers for holes and partic
respectively. The particle distribution functionr(p,t) is
given by

r~p,t !52 iG,~p,t,t !. ~3!

The Green’s functionsG. andG, are related on the diago
nal in thet,t8 plane by

G.~p,t,t !52 i 1G,~p,t,t !. ~4!

Between these two Green’s functions there exists a us
relation

G,
.

~p,t,t8!5@G,
.

~p,t8,t !#* . ~5!

The scattering ratesS are given by
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S ,
.

~p,t,t8!52 i E d3p1

~2p!3
G.

,

~p1 ,t8,t !

3 K 1

2
~p2p1!UT,

.

~p1p1 ,t,t8!U12 ~p2p1!L .

~6!

HereT,
.

is defined by

^puT,
.

~P,t,t8!up&5E dt9dt-dp9dp-

3 K pUT1~P,t,t9!U12 ~p92p-!L
3G,

.

~p9,t9,t-!G,
.

~p-,t9,t-!

3 K 1

2
~p92p-!UT2~P,t,-t8!UpL .

~7!

The effective interactionT6 is usually defined in a binary
collision ~ladder! approximation by an integral equation fo
mally written as

T12
6 5V1VG1

6G2
6T12

6 , ~8!

whereV is the ‘‘free’’ interaction potential.
In the followingT6 will be approximated by a local time

independent effective interaction

V~p!5p3/2h3V0e2(1/4)h2p2
, ~9!

with h50.57 fm andV052453 MeV. Considering the full
dynamical T-matrix approximation one obtains more in
volved time integrals which gives rise to nonlocal effec
@4,16,17#.

The exchange term is not included. Equation~6! for the
scattering rates then simplifies to

S ,
.

~p,t,t8!52 i E d3p1d
3q

~2p!6 V2~q!G.
,

~p1 ,t8,t !

3G,
.

~q1p1 ,t,t8!G,
.

~p2q,t,t8!. ~10!

The momentum integrations are conveniently evaluated
ing the convolution theorem for Fourier transforms. The d
grammatic representation can be seen in Fig. 1. We will co
pare in the paper the self-consistent with the non-s
consistent approximation which are given in Fig. 1 by thi
and thin lines, respectively.

The total energy of the system reads@1#

Etot~ t !5
1

2
Kr~ t !1

1

4E d3p

~2p!3 S ]

]t1
2

]

]t2
DG

,
~p,t1 ,t2!,

~11!

which is used throughout the paper for calculating the to
energy. The kinetic energyKr for the correlated medium is
3-2
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Kr~ t !5E d3p

~2p!3

p2

2m
r~p,t ! ~12!

and the correlation energy is defined by

Ecorr~ t !5Etot~ t !2Kr~ t !. ~13!

Note that the mean or Hartree-Fock field is not included
our work and the total energy therefore contains only
correlated energy. We also define theuncorrelatedkinetic
energy by

K f~ t !5E d3p

~2p!3

p2

2m
f ~p,t !. ~14!

The relation between the reduced density matrixr and the
quasiparticle distributionf will be discussed below.~See Sec.
IV.! Several numerical applications of this formalism a
published. For some references see the Introduction. A
tailed description of numerical details are published in R
@13#.

In this paper we concentrate on correlation energies
correlation times. All~with one exception! calculations are
performed with an initially uncorrelated nuclear matter s
tem and a momentum distributionf (p,t50) specified by a
density r and temperatureT. The system is then time
evolved beyond equilibrium. The self-energies are conse
ing @1,18# so that the total energy is conserved. Therefore
have during the time evolution

K f
i 5Etot~ t !5Etot

eq , ~15!

whereK f
i is the kinetic~and total! energy of the initial un-

perturbed and uncorrelated system andEtot
eq is the total energy

after equilibration (t→`) including correlations.

III. THE LEVINSON EQUATION

As we will show below the Levinson equation can
considered as one of several proposed approximations o
KB equations. It is of particular interest to us here becaus
allows for some analytic results@33,14# that help to under-
stand the numerical findings and also help to illustrate so
important features built into the KB equations. Let us fi
discuss different reduction schemes of the KB equation
cluding the Levinson equation.

FIG. 1. The integral form of Kadanoff-Baym equation~above!
and the two discussed approximations for the self-energy~below!.
The first line describes the self-consistent Born approxima
~thick lines! and the second line the non-self-consistent Born
proximation~thin lines!. The latter one leads to the Levinson equ
tion ~20!.
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To evolve the two-time KB equations alongt5t8 one
needs the Green’s functions for off-diagonal timestÞt8. Dif-
ferent methods have been proposed approximating the
diagonal elements in terms of the diagonal ones and u
Eq. ~3! a one-time theory can then be derived.

The first method we want to discuss is the generaliz
Kadanoff Baym~GKB! ansatz introduced by Lipavskyet al.
@19# given by

G,~p,t,t8!5G,~p,t,t !S~p,t,t8! ~16!

for t8.t and

G.~p,t,t8!5G.~p,t8,t8!S~p,t,t8! ~17!

for t.t8. S is the spectral function defined by

S~p,t,t8!5 i @G.~p,t,t8!2G,~p,t,t8!#. ~18!

The GKB ansatz was discussed in Ref.@5# and numerical
results were also shown of various approximation schem
The very simplest ansatz for the spectral function is the q
siparticle approximation to get

G,~p,t,t8!5G,~p,t,t !eiv(t2t8),

G.~p,t,t8!5@2 i 1G,~p,t8,t8!#e2 iv(t2t8). ~19!

The KB equations then reduce to Levinson’s equation@3,20–
22# for homogeneous systems

]

]t
r~p,t !52E d3p1d3p8d3p18

~2p!6
V~ up2p8u!2

3d~p1p12p82p18!E
t0

t

dt cosDv~ t2t!

3@r~p8,t!r~p18 ,t!r̄~p,t!r̄~p1 ,t!

2r~p,t!r~p1 ,t!r̄~p8,t!r̄~p18 ,t!#, ~20!

with r̄512r andDv5(v1v12v82v18) . The mean field
is neglected in the following and the quasiparticle energy
approximated by an effective massv5p2/2m. If for large
times the distribution function becomes stationary the in
gration over the cos function reduces tod(Dv) and the equi-
librium distributionr will be a Fermi distribution@14#.

By the approximation ~19! the correlated ~damped!
Green’s functions in the KB equations are replaced by
free Green’s functions which in other words means that
second order energy diagram is calculated without inserti
in the particle~hole! lines.~See Fig. 1.! In the time evolution
of the KB equations the lines are on the other hand dres
repeatedly withV2 insertions. This results in a damping o
dephasing while there is no damping in the Levinson eq
tion but there does remain a memory effect; the integrat
over t in Eq. ~20!.

It is instructive to notice that the Boltzmann collision in
tegral is obtained from Eq.~20! if ~i! one neglects the time
retardation in the distribution functions, i.e., the memory

n
-

3-3
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H. S. KOHLER AND K. MORAWETZ PHYSICAL REVIEW C64 024613
fects and~ii ! the finite initial time t0 is set equal to2`
corresponding to what is usually referred to as the limit
complete collisions.

For the Markovian Boltzmann equation the kinetic ener
is conserved, while the potential energy is zero. T
Levinson equation conserves the total energy@23#. The cor-
relation energy is now given by

Ecorr~ t !52
1

4E d3pd3p1d3p8d3p18

~2p!9
V~ up2p8u!2

3d~p1p12p82p18!E
t0

t

dt sinDv~ t2t!

3@r~p8,t!r~p18 ,t!r̄~p,t!r̄~p1 ,t!

2r~p,t!r~p1 ,t!r̄~p8,t!r̄~p18 ,t!#. ~21!

For large times Eq.~21! reduces to@14#

Ecorr
eq 52

1

2E d3pd3p1d3p8d3p18

~2p!9
V~ up12p18u!

2d~p1p12p8

2p18!req~p18!req~p28!r̄eq~p1!r̄eq~p2!
P

Dv
, ~22!

whereP denotes the principal value and wherereq indicates
the equilibrium large time correlated densities. This ene
resembles the second order Born estimate of the pote
energy but with two important differences.

The first of these is that the densitiesreq are correlated
densities, in the long time equilibrated limit. A Born estima
would however be done with an uncorrelated distributionf.
For weak interactions and/or low density for which t
Levinson equation and the Born approximation are certa
valid, the difference between initial uncorrelated and fin
correlated densities is negligible. Around nuclear matter v
ues this difference is however important and we shall add
this question below showing numerical results for Levins
densities, KB densities as well as initially uncorrelated d
sities.

The second difference between Eq.~22! and the second
order Born estimate is that upon closer inspection a facto
one-half appears missing. This will now be clarified. W
the correlation energy given by Eq.~22! the total energy after
equilibration is using Eq.~13!

K f
i 5Etot

eq5Kr
eq1Ecorr

eq . ~23!

The second order Born approximation for the total ene
is on the other hand known from perturbation theory

Etot
eq 5EBorn5K f

eq1
1

2
Ecorr

eq . ~24!

~As noted above the Hartree-Fock energy is not included
that accordingly the first order contribution to the energy
not included here.! One should note that in the process
equilibration the system is excited and the correlation ene
02461
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does in both expressions~23! and ~24! refer to the excited
but not to the initial ground state of nuclear matter. Also no
that in the process of excitation the uncorrelated kinetic
ergy K f

i has increased toK f
eq.

In order to resolve the apparent disagreement betw
Eqs.~23! and ~24! we first note that Eq.~23! results from a
time evolution of the Levinson equation starting from
uncorrelated system with a kinetic energyK f

i . We shall show
below that the correlated and uncorrelated kinetic energie
the end of the time evolution are related by

Kr
eq5K f

eq2
1

2
Ecorr

eq . ~25!

Upon insertion in Eq.~23! the apparent disagreement is th
resolved.

To prove Eq.~25! we have to discuss the difference b
tween the reduced density matrixr and the quasiparticle
distributionf. This is performed in the extended quasipartic
picture.

IV. EXTENDED QUASIPARTICLE PICTURE

In the previous section we derived the Levinson equat
from the time diagonal parts of the Kadanoff and Bay
equations. We adopted the GKB ansatz for the closure of
off-diagonal parts of the Green’s functions. But there is a
other path that we now want to explore.

Our alternative is to use the extended quasiparticle
proximation ~EQP! for the spectral function in the fina
equilibrated system. The EQP is consistent with the Levin
equation as both are a low density and/or weak interac
approximation but they differ in their physical content a
different renormalizations@24#. In an expansion with
Im S1!ReS1 and] ReS1/]v!1 one finds@15,25,26# for
the spectral function

SEQP~p,v!52pd~v2v0!Z~p!2P2 ImS1~p,v!

~v2v0!2 ,

~26!

where

Z~p!511S ] ReS1~p,v!

]v D
v5v0

~27!

is the wave function renormalization and whereP indicates
that the principal value is to be taken when integrating o
S. The energyv0 is defined by

v05p2/2m1ReS1~p,v0! ~28!

andS1 is the retarded self-energy. The EQP approximat
satisfies the first twov weighted sum rules@4#:

E dv

2p
SEQP~p,v!51,
3-4
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E dv

2p
vSEQP~p,v!5

p2

2m
1SHF~p! ~29!

and has been well tested numerically for nuclear matter@25#.
In equilibrium the expansion~26! is consistent with the

following ansatz:

G,~p,v!5 i f ~p!2pZ~p!d~v2v0!1S,~p,v!
P

~v2v0!2 .

~30!

It allows for an approximate construction of the Gree
function and the Wigner or reduced density matrix in ter
of the quasiparticle distribution. The relation between th
two distribution functions, the quasiparticle distribution a
the reduced density matrix, was first introduced by Cr
@27# within the limit of small scattering rates. An invers
functional f @r# was constructed in Ref.@28#. For equilibrium
nonideal plasmas the correlated density has been empl
in Refs.@15,29# and under the name of thegeneralized Beth-
Uhlenbeck approachit has been used in Ref.@30# for nuclear
matter studies. The authors in Refs.@25,26# have used this
approximation under the name ofextended quasiparticle ap
proximation for the study of the mean removal energy, r
duced density and high-momenta tails of the reduced den
matrix.

The nonequilibrium~time-dependent! extension of this
formalism has been recovered within the quasiparticle
proach to the kinetic equation for weakly interacting p
ticles and referred to as amodified Kadanoff and Baym an
satz@31,32#.

Integrating Eq.~30! ~in the time-dependent extension!
over v gives a relation between the reduced density ma
and the quasiparticle distribution

r~p,t !5 f ~p,t !Z~p,t !2 i E dv

2p
S,~p,v,t !

P
~v2v0!2 .

~31!

The imaginary part of the retarded functionS1 is obtained
from

Im S1~p,v,t !52
i

2
@S.~p,v,t !2S,~p,v,t !# ~32!

and the real part is obtained from the dispersion relati
Then

Z~p,t !512 i E dv

2p

P
~v2v0!2 @S,~p,t !2S.~p,t !#

~33!

so that Eq.~31! can be rewritten as

r~p,t !5 f ~p,t !2 i E dv

2p

P
~v2v0!2 @S,~p,v,t !„12 f ~p,t !…

1S.~p,v,t ! f ~p,t !# ~34!
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providing also the relation between the uncorrelated and
related energies. Multiplying with the kinetic energyp2/2m
and integrating overp one finds the relation~25! that we
wanted to prove.

We like to point out that the first term in Eq.~34! is just
the uncorrelated distribution while the second corrects
the off-shell scatterings. It was shown in Ref.@25# that this
equation gives practically exact agreement with a Brueck
calculation. One should also note that the Levinson equa
for the reduced density-matrix was derived with the ans
~19!, i.e., with a quasiparticle spectral function. The corre
tions induced in the time evolution then result in a spec
function consistent with the EQP approximation. If one i
stead uses the EQP spectral function in the ansatz the r
is a nonlocal Boltzmann-like kinetic equation for the qua
particle distribution@16,17#. For the frequency independen
real valued interaction used here the nonlocal effects va
and we are left with the Boltzmann equation for the qua
particle distributionf from which one then can find the re
duced density matrix by Eq.~34!. Alternatively one can con-
sider the Levinson equation for the reduced density ma
directly. This is the approach taken in this paper. For m
detailed discussions, derivations and physical content
these relations we refer the reader to Refs.@4,24#.

Let us remind that the two outlined schemes, the Levins
equation as well as EQP, are strictly valid only at low dens
and/or for weak interactions. All the same, the EQP has b
found to be an excellent approximation for nuclear mat
@25#.

V. NUMERICAL RESULTS

In the above we have displayed the KB as well as
Levinson equations; the latter is obtained from KB using fr
~quasiparticle! Green’s functions in the collision kernel.

In this section we show some results of our calculatio
The equations~KB and Levinson! were time evolved starting
at time t50 with an uncorrelated Fermi gas of specifie
density and temperature. In addition to KB and Levins
correlation energies we have also calculated the second o
Born energy given by Eq.~22!. In one case we also conside
the collision between two Fermi spheres~slabs in coordinate
space!.

A comparison with the approximate Levinson and Bo
results requires a high precision of the calculations to
meaningful. To minimize the relative errors all calculatio
are made with essentially the same KB computer progr
To perform the Levinson calculations all that has to
changed relative to the KB is to replace the self-consiste
calculated Green’s functions used in the KB code in the c
lision kernel with the free Green’s functions shown in E
~19!. In the second order Born-approximation calculatio
the Green’s functions on the time diagonal were replaced
constant~time-independent! distribution functionsr(p) as
specified in the respective calculations below.

It may be noteworthy to point out that the Pauli blockin
which in most perturbative calculations such as Brueckne
treated approximately~e.g., with an angle averaging! here is
treated ‘‘exactly.’’
3-5
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The meshes that we use are an improvement relativ
previous work as more computer power is now availab
The momentum mesh in the Cartesian coordinate system
we use was 57 points along each axis withDpx5Dpy
5Dpz50.2 fm21. The number of time steps was typical
80 with Dt50.25 fm/c. The interaction shown in Eq.~9!
was used. The dependence of the strengthV0 of the interac-
tion is now also investigated.

A. Approach to equilibrium; correlation times

If one time evolves an initially uncorrelated Fermi dist
bution with the classical Boltzmann equation~modified for
fermion statistics! this initial distribution would be station
ary. The Fermi distribution is in fact a solution of this equ
tion with the collision term equal to zero. There are no tw
body correlations. This is not so for the Kadanoff-Bay
equation. As the system in this case evolves from the in
uncorrelated state the correlation energy decreases with t
The system correlates. At the same time the kinetic ene
increases by the same amount, because our choice of
energies is conserving, i.e., the total energy is conserved
a consequence of the self-consistent time iterations hig
and higher orders of insertion diagrams are included in
Green’s function propagators until full self-consistency a
equilibration is achieved. In the KB case the system c
verges to an equilibrated distribution but this is not always
for the Levinson case. We shall return to this below.

In a previous publication@14# we have already considere
the correlation timetc , i.e., the time it takes the system
correlate time evolving from the initially uncorrelated Ferm
distribution. It was in particular found that in the Levinso
approximation a simple result could be derived at low te
perature, namely,

tc5
1

EF
, ~35!

with EF the Fermi energy. The temperature dependence
found to be relatively small. This result was also used in
subsequent paper on interferometry methods@34#.

Figure 2 shows the correlation energies normalized to
equilibrium energy as a function of time for five differe
densities as indicated in the figure caption. The initial dis
bution is in each case a zero temperature Fermi distribut

In accordance with Ref.@14# we define the correlation
timestc as the time of maximum correlation energy. We no
find that the timestc scale roughly as

tc5
1

2EF
~36!

as shown in Table I. The previous analytic result~35! based
on the Levinson equation gave correlation times twice
large. A precise definition of these times is however not p
sible as is also seen in Fig. 2.

Figure 3 shows the correlation energies normalized to
equilibrated energy at five different interaction strengths
dicated in the figure caption. The initial distribution is
each case a zero-temperature Fermi distribution. The pr
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ous analytic finding@14# was that the correlation times ar
roughly independent of the interaction strengths. This
nicely confirmed by the numerical results of Fig. 3 for tim
smaller than 2 fm/c. There is however a large overshoot
the strength is decreased. This still remains to be underst
With the particular definition of the correlation times that w
have adopted we still see a dependence on the interac
strengths because of this overshoot as displayed in Table

In a previous paper it was also shown that the tempera
dependence oftc should be quite small@14#. This conclusion
was based on the Levinson equation. The result using the
equations shown in Fig. 4 confirms this. One may only n
that the approach to equilibration is markedly different
higher temperatures as compared to zero temperature.
general conclusion regarding the independence of temp
ture is also exemplified by the second curve from the left
Fig. 4. This shows the correlation energy in a ‘‘collision

FIG. 2. Correlation energy from KB calculations as a functi
of time normalized to final equilibration energies. From left to rig
the five curves correspond to the normal density of nuclear ma
(r050.18 fm23) multiplied by 2, 1, 0.5, 0.25, and 0.125. See al
Table I.

FIG. 3. Similar to Fig. 2 but for normal nuclear matter dens
and different interaction strengths. The normal strengthV05453 is
multiplied by 2.0, 1.0, 0.5, 0.25, and 0.125, respectively. The fig
shows there is an increasing ‘‘overshoot’’ of the correlation ene
as the strength is decreased. See also Table III.
3-6
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CORRELATIONS IN MANY-BODY SYSTEMS WITH TWO- . . . PHYSICAL REVIEW C 64 024613
between two Fermi spheres separated by a momentum
2.2 fm21 (100 MeV/A collision energy! and with a total
density of 0.18 fm23 ~normal density!.

In the calculations with the KB equations our choice
self-energies are conserving, i.e., total energy is conse
@18#. The Levinson equations also conserve total ene
From our calculations we find after 80 time steps a decre
in total energy of 3.8% at normal nuclear matter density a
similarly an increase of 1.3% in the KB case. This numeri
accuracy is quite satisfactory.

Another important result shown by Figs. 2–4 is that t
correlation energy~and the kinetic energy! converges to an
equilibrium value in the KB case. While the KB results sho
excellent convergence this is not true in the Levinson cas
shown by Fig. 5 which should be compared with Fig. 3. O
finds a convergence only for the two weakest interacti
which also agree quite well with the corresponding curves
Fig. 3 while only moderate convergence with the factor 0
For the strongest interaction there is even sign of an insta
ity in agreement with the findings of Haug@35# and others
@36,37# who found a continuous increase of energy w
time. The origin of this problem with the Levinson equatio
was discussed in terms of the artificial collisional broaden
@38#.

We note that in the Levinson case the Green’s functi
are free, uncorrelated, in the collision term while the ensu
Green’s functions are not free as, e.g., evidenced by the
zero potential energies. This is an inconsistency in
Levinson equation which, we believe, is related to the n
convergence. The problem with this equation is also reflec
in the results in Table III showing reasonably good agr
ment between KB and Levinson correlation energies only
the three weakest interactions.

The fact that the correlation time is finite and of the ord
of some fm/c in nuclear matter is, we believe, of importan
when studying heavy ion collisions. Correlations will chan
with density and temperature with typically this respon

FIG. 4. Correlation energy as a function of time normalized
final equilibration energies. The interaction strength and density
both normal. From left to right the first, third, and fourth curves a
for initial temperatures 0, 20, and 40 MeV, respectively. The sec
curve is for a ‘‘collision’’ event~see text!. Notice the near overlap
of the curves.
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time. In a previous paper we have already looked at
consequence of this fact on interferometry measurem
@34#.

B. Equilibrium spectral function; occupation numbers

Correlation energies are intimately related to the spec
functions in our case given by Eq.~18!. In the quasiparticle
approximation valid for weak interactions and an uncor
lated medium they are simply delta functions correspond
to vanishing widths represented by the first part of Eq.~26!.

In this section we consider the system in its final equ
brated state. The total energy is then related to the spe
function by

Etot52E
2`

1`

dv f ~v!E
2`

1` d3p

~2p!3 F p2

2m
1vGS~p,v!,

~37!

which is the same as Eq.~11! with the equilibrium relations

G,~p,v!5 iS~p,v! f ~v!,

G.~p,v!5 iS~p,v!@12 f ~v!#. ~38!

A factor 4 is included for the spin, isospin, etc., degenera
of the nuclear system.

The spectral functionsS(p,v) can be calculated from Eq
~18! by Fourier transforming from the time domain. It wa
found more practical however to use

S~p,v!5
2 ImS1~p,v!

Fv2
p2

2m
2ReS1~p,v!G2

1@ Im S1~p,v!#2

.

~39!

re

d

FIG. 5. Time dependence of normalized correlation energie
the Levinson case for normal nuclear matter density. The oscilla
curve is with the interaction strength twice the normal. The smo
curves from bottom and up are with strengths 1, 0.5, 0.25,
0.125 times the normal. Notice that the correlation energy c
verges only for the two weakest interactions. Compare with the
results in Fig. 3. The initial distribution is in each case a ze
temperature distribution of normal nuclear matter density.
3-7
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H. S. KOHLER AND K. MORAWETZ PHYSICAL REVIEW C64 024613
Figure 6 shows some results at normal nuclear matter d
sity. These are from KB calculations.@As noted above in
Sec. III the spectral functions in the Levinson approximat
are in agreement with the EQP approximation~26! in lowest
order densities.# The initial distribution is a zero-temperatur
Fermi distribution and thev-dependent self-energies are o
tained by Fourier transforming from the time domain af
equilibration. The correlation energy is in this case 35
MeV as shown in Table I. The figure shows that the wid
are comparable with those from Brueckner and other m
body calculations with ‘‘realistic’’ interactions. If the calcu
lation were for the ground state the distribution would
much more peaked at this momentum. Because the calc
tions in our present work are made from an initially unco
related state that is then time evolved along the real axis
final state corresponds to an excited state~with a temperature
estimated to be about 25 MeV!. For comparison we also
show in Fig. 7 spectral functions for the ground state o
tained with imaginary time stepping@2,5#. The momenta at

FIG. 6. Spectral functions in nuclear matter atr50.18 fm23

and kf51.4 fm21. The momenta are from left to right 0.0, 0.7
1.2, and 1.65 fm21. Note that the last momentum is larger thankf .
The temperature is here estimated to be 25 MeV.

FIG. 7. Similar to Fig. 6 except that these spectral functions
for the ground-state and obtained with imaginary time-stepp
The momenta are from left to right 0.0, 1.0, 1.6, and 2.2 fm21.
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the Fermi surface is not shown here as it would be too h
and narrow in this case, but note the peaks at the adja
momenta.

The occupation numbers are in equilibrium also related
the spectral functions by

r~p!5
1

2pE2`

1`

f ~v!S~p,v!dv, ~40!

consistent with Eqs.~3! and ~38!.
Figure 8 shows a comparison of the density distributio

obtained respectively from the KB and Levinson calcu
tions. Please note that the KB calculations lead to a p
nounced discontinuity at the Fermi energy. A quasiparti
~Fermi! distribution f with a temperature of 27 MeV is plot
ted for comparison. This is the roughly estimated tempe
ture of the final equilibrated system. This would be the d
tribution in a Boltzmann calculation in which case there a
no correlations, the spectral function is the quasiclassical
the r and f distributions are identical. The KB as well a
Levinson distributions possess power tails at high mome
and suppress states at lower momenta due to correlations@4#.

Correlation energies are shown in Tables I and III. The
are energies after 80 time steps (20 fm/c). At this time the
system is well equilibrated in the case of KB as already s
in Figs. 2, 3, and 4. In other words the Green’s functio
along the time diagonal become constant for large times

This is not so for the off-diagonal elements that carry t
correlations. Figure 9 shows the absolute value of these
ments normalized to the equilibrium value, as a function
past times. For the KB calculations the well-known dampi
or dephasing is seen.

The slight increase for the largest past times is a nat
consequence of the correlation process. While the eq
brated occupation forp50 is 0.62.~See Fig. 8.! The initial
value was 1.0 and this is still ‘‘memorized’’ 20 fm/c later.

Of particular interest is the increase in damping as
strength of the interaction is increased which is well illu

e
.

FIG. 8. Density distributions from the KB and Levinson calc
lations at normal nuclear matter density. The KB distribution
larger at small momenta and smaller at larger momenta. Notice
it shows the characteristic discontinuity at the Fermi surface tha
related to the strength function. Compare with Fig. 1 in Ref.@3#.
3-8
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CORRELATIONS IN MANY-BODY SYSTEMS WITH TWO- . . . PHYSICAL REVIEW C 64 024613
trated by the figure. This is a very important effect that
contained in the KB equations with the self-consistently c
culated Green’s functions. This has as a consequence tha
memory time decreases; the integration over past tim
which in principle should start at the time when interactio
are switched on@ t0 in Eqs.~1! and~2!#, can now be limited
to about 5 fm/c or less before the point of time of the evo
lution. Figure 9 in Ref.@5# illustrates this point. Associate
with an increase of the strength of the interaction is of cou
not only a decrease in memory time but also an increas
the width of the spectral functions.

Only for the very weakest strength the damping is ne
gible. This is consistent with Table III that shows a go
agreement between all methods for this case. If the situa

FIG. 9. This figure shows the absolute value ofG,(p,T,t8)/
G,(p,T,T) for T2t8 for four different strengths of the interaction
The four lower curves with the ratio less than 1.0 is from K
calculations. From bottom to top the normal strength is multipl
by factors of 2, 1, 0.5, and 0.125. The uppermost curve is fr
Levinson calculation with normal interaction strength showing
damping but rather an increase with past times. This effect is
plained in the text. The momentum is chosen to bep50 for all
cases.
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were such that the evolution at the same time is sufficien
slow another limit is reached. The time integration can n
be done analytically; the energy spread decreases and
lapses to a delta function. The Boltzmann limit is reache

The Levinson curve is smooth~it is a Fermi distribution!
and starts at about 0.52 atp50. For comparison is also
plotted an estimate of the Fermi distributionf with the same
nuclear matter density and a temperature of 27 MeV. It st
at about 0.68.

The damping, so characteristic in the KB case is absen
the Levinson case. The corresponding curves can increas
decrease in the latter case depending on the past distribu
function ~on the time diagonal!. In the present calculation
this function will always decrease forp50 and the plotted
ratio in Fig. 9 is now consequently larger than 1.0.

C. Equilibrium correlation energies

It was already shown above that the Levinson correlat
energy for large times approaches a second order Born va
But it was also pointed out with reference to Eq.~22! that the
Born calculation then has to be made with the Levinson fi
reduced density butnot with the initial quasiparticle distri-
bution as would normally be done in a perturbative exp
sion. In the low-density and/or weak interaction limit, whe
the Born and Levinson approximations both become va
this difference should be irrelevant. This is verified by t
results shown in columns 5, 6, and 7 in Table I showing Bo
energies calculated with occupation numbers from the K
Levinson, and initial distributions~labeled ‘‘KB,’’ ‘‘Lev.,’’
and ‘‘Init.,’’ respectively!. As expected the three energie
agree exactly at the lowest density but the agreement
comes progressively worse as the density is increased
predicted by Eq.~22! the Born-column indicated ‘‘Lev.’’
~column 6! agrees on the other hand nearly exactly with t
Levinson result~column 4! at all densities, being a confirma
tion of computational accuracy.

1. Comparison of Levinson with Born

As noted above the Born~Lev! correlation energies agre
very well with the Levinson energies at all densities a

x-
y the
TABLE I. Correlation energies as a function of the density of nuclear matter. At normal densit
temperature dependence is also shown. All results are here withV05453.0 MeV. The energiesEcorr

eq are~the
negative of! the equilibrium correlation energies. The Born energyEcorr

eq ~Born! is calculated with three
different distribution functions as discussed in the text.

r T Ecorr
eq ~KB! Ecorr

eq ~Lev! Ecorr
eq ~Born! tc ~KB! \

2EF
~fm23! ~MeV! ~MeV! ~MeV! ~MeV! ~fm/c! ~fm/c!

KB Lev. Init.

0.380 0 53.63 65.16 2.0 1.5
0.183 0 35.95 49.67 49.69 43.97 2.4 2.4
0.181 10 36.03 48.60 50.52 48.54 49.16
0.182 20 35.94 46.74 46.65 52.84
0.182 40 34.31 42.14 42.09 50.52
0.182 60 31.59 37.22 38.00 37.20 44.65
0.095 0 23.55 31.33 31.76 28.83 3.4 3.8
0.047 0 14.40 17.84 18.24 18.26 17.47 5.2 6.2
0.023 0 8.42 9.80 9.96 9.96 9.96 8.5 9.7
3-9
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H. S. KOHLER AND K. MORAWETZ PHYSICAL REVIEW C64 024613
temperatures but they differ from the Born~Init! energies as
seen comparing columns 6 and 7 in Table I. This is beca
the occupation numbers differ in these two calculations. T
Born~Init! calculations are made with the Fermi distributio
of the temperaturesT indicated. These are also theinitial
distributions in the Levinson calculations, but the final d
tributions r @with which also Born~Lev! is calculated# are
different. There are two distinct effects contributing to t
change from initial to final distribution. One is the heatin
associated with the correlations and the second comes
the difference between the reduced density matrixr and the
quasiparticle distributionf that is contained in the off-she
part in EQP~34!. We are going to discuss these two effec
now.

The heating of the system in the Levinson case occ
since it correlates. The uncorrelated quasiparticle distribu
f is consequently of a higher temperature in the Born~Lev!
case, column 6, than in the Born~Init! case, column 7.

In order to make a meaningful comparison between
two results we have to correct for this temperatu
difference. Fortunately this is straightforward in th
Levinson case. The numerical solution of the Levinson eq
tion gives us the correlated distributionr(p,t) and from Eq.
~12! the kinetic energyKr(t) in the equilibrated medium~for
large times!. The relation~25! valid for the Levinson equa
tion then gives us the kinetic energyK f

eq which together with
the density allows us to deduce the relevant parameters,
perature and chemical potential for thefinal equilibrium
Fermi distribution.

The Levinson correlation energy is then compared w
the Born~Init! correlation energy calculated with that sam
final Fermi distribution. The result of this comparison
shown in Table II at normal density. With the Born an
Levinson calculations compared at the same temperatureTf
in the table!, i.e., with the same distributionf (v) there is
however a remaining difference, in Table II indicated
Diff. We recall that when Born is calculated with ther dis-
tribution @i.e., in Born~Lev!# rather than with thef distribu-
tion we get no difference, i.e., the Levinson energy. The
maining difference Diff is then due to the second of the t
separate effects referred to above. It is attributed to the
ference between the reduced densityr and the corresponding

TABLE II. Comparison of LevinsonEcorr
eq and Born results at

equal uncorrelated kinetic energies (K f
eq). The initial temperatureTi

of the Levinson calculation is increased toTf as a consequence o
the correlations. Born~Init! is the Born correlation energy at thi
same temperatureTf . The remaining difference Diff. betweenEcorr

eq

and Born is due to the correlational spreading of the spectral fu
tion and is discussed in the text. All energies are in MeV. T
density is here normal nuclear matter density.

Ti Ecorr
eq (Lev) K f

i K f
eq Tf Born~Init! Diff.

0 49.67 24.18 49.03 27 53.0 3.3
10 48.60 29.51 53.78 31 52.5 3.9
20 46.74 40.91 64.24 38 51.0 4.3
40 42.14 67.93 88.98 54 46.5 4.4
60 37.22 96.40 115.00
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quasiparticle distributionf. The former contains the spectra
correction as in Eqs.~31! and ~40!.

Such a spectral correction can be included in, e
Brueckner type calculations by iteration but is rarely don
~See however a recent work@39#.! Table II shows a decreas
of 3.3 MeV of the correlation energy at zero temperatu
This implies a decrease in binding energy of 1.6 MeV.@We
like to point out that in the EQP approximation a changed in
correlation energy for a given distributionf (v) changes the
total energy byd/2. It changes the kinetic energyKr by
2d/2.#

The dependence on the strength of the interaction is
sented in Table III. The Born calculations are here for init
zero temperature Fermi distributions. For the three weak
interactions all three correlation energies agree reason
well. But at full interaction strength we see differences
over 20% increasing to 50% at twice the strength.

2. Comparison of KB with Levinson

We now want to compare the KB with the Levinson equ
tion. Although the KB collision term in our calculations i
formally up to second order in the interaction the correlat
energy at equilibrium is actually of a much higher~infinite!
order. This is because the correlated Green’s functions
formed by iterative time-stepping functionals of the intera
tion.

The effect of these higher order terms can be asse
from comparing the KB and Levinson correlation energi
The difference between the two stems from the differen
between the Green’s functions in the collision kernel for t
two separate cases. In the KB case they are self-consis
~correlated! while in the latter they are free Green’s fun
tions. In diagrammatic language the presence of the co
lated Green’s functions in the collision kernel means t
hole and particle lines are dressed with the two-point~second
order! insertionsto all ordersandall time orderings; see Fig.
1. This implies that for a similar calculation in thev repre-
sentation the proper dependence onv of the self-energy
S1(p,v) has to be included in the calculation. The sam
problem is faced if applying Brueckner’s theory in his orig
nal recipe where the insertions in particle lines are calcula
off the energy shell@40,41,43,44#. This is quite complicated
and is a compelling reason why the ‘‘continuous’’ recip
~with both particle and hole insertions being on the ene

c-
e

TABLE III. Correlation energies as a function of strength of th
interactionV0. All results are here for normal nuclear matter dens
r50.183 fm23 and temperatureT50. The Born energies are her
calculated only with the initial uncorrelated distribution.

V0 Ecorr
eq ~KB! Ecorr

eq ~Lev! Ecorr
eq ~Born! tc ~KB!

~MeV! ~MeV! ~MeV! ~MeV! ~fm/c!

906 93.15 134.41 175.9 1.8
453 35.95 49.67 43.97 2.4
227 10.45 12.41 10.99 3.2
113 2.72 2.85 2.74 3.5
57 0.68 0.70 0.69 3.6
3-10
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CORRELATIONS IN MANY-BODY SYSTEMS WITH TWO- . . . PHYSICAL REVIEW C 64 024613
shell! is now customarily used. It seems that the numeri
problem with off-energy shell propagation is simplified b
going to time space, as in the present work.

In Table I one finds that the difference between the ‘‘KB
and ‘‘Lev’’ correlation energies in columns 3 and 4 at norm
density amounts to 13.72 MeV for an initial temperatureT
50 and decreases to 5.63 MeV at an initialT560 MeV.
This implies a difference in binding energy of 6.86 and 2.
MeV, respectively.~See discussion above regarding factor
1/2.! One also finds in the same table that the differen
decreases with density which is to be expected. The dif
ence in binding energy would be half of the quoted numbe
The conclusion is that the higher order diagrams resul
from insertions in the propagators contained in the KB eq
tions but neglected in Levinson are quite important.

D. Discussion

Referring to the discussion above in Table II, our resu
do actually consider excited, not ground state nuclear ma
In the Levinson case we could easily estimate the excita
temperature~see Sec. V B!. In the KB case there is no suc
simple relation. Using the Levinson relation as a rough e
mate we find however an excitation energy of about 25 M
at normal density. Ground state calculations can be done
imaginary time stepping but this has not yet been done.
calculation showing the zero temperature spectral functi
in Fig. 7 is not sufficiently accurate to allow a detailed co
parison of correlation energies.

We do expect the relatively large difference between
Levinson and KB correlations to prevail at zero temperatu
We also argue that our Levinson calculation closely cor
sponds to a ‘‘continuous’’ choice~on the energy-shell mea
field insertions in hole and particle lines! Brueckner calcula-
tion. With this choice the higher order Brueckner diagra
that usually are considered~three-body, low-order ring, and
some fourth order! then contribute only a few MeV@42#. The
Brueckner mean field insertions mentioned above are
course not present in the Levinson case but because we
local interaction they are expected to give a negligible c
rection. We have confirmed this numerically. With realis
non-local ~momentum-dependent! effective interactions one
has of course important dispersion corrections.

With the self-consistent Green’s functions as in the K
calculations the width of the spectral functions is~implicitly !
included. In contrast the Brueckner calculations are done
quasiclassical approximation with the effective interactio
the reaction matrix, calculated assuming an uncorrela
zero-temperature Fermi distribution. Using Green’s funct
methods normally including also hole-hole ladders one a
rarely goes beyond the first quasiclassical approximat
~Except for the hole-hole diagrams this is equivalent then
Brueckner.! Spectral functions are however readily obtain
and the equations can be iterated. This is a rather formid
calculation, but has recently been done with realistic for
@39#. The KB calculations in this paper corresponds to su
an iterated calculation with self-consistent spectral functi
and off-energy shellS ’s albeit with a simple interaction an
no ladder summation. The results from the two calculatio
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are not readily compared but both agree in that the cor
tions going beyond the quasiclassical approximation sho
be considered.

Referring to Fig. 9 an important difference between t
Levinson and KB-collision terms is the damping, which
related to the width of the spectral function. Referring to E
~39! this is on the other hand related toS1(p,v). Above we
deduced a 1.6 MeV difference in binding energy between
Born ~Init! and the Born~Levinson! calculations stemming
from a spectral correction of the time diagonal density m
trix. The present difference between Levinson and KB
6.86 MeV is also a spectral correction but stems from
off-diagonal elements, i.e., thev dependence ofS1.

VI. SUMMARY AND OUTLOOK

The Kadanoff-Baym equations have been used to ca
late correlations and to find the effect of approximations su
as using undressed propagators. The KB calculations as
sented above are fairly simple. TheFORTRAN version of the
program is available from Computer Physics Communi
tions @13#.

In our KB as well as Levinson calculations the initi
conditions are in general Fermi distributions of specifi
temperature and density. As the equations are time-step
the system correlates with a decrease in the potential ene
The total energy is conserved and the kinetic energy
creases. The temperature of the system is consequentl
creasing. The final correlation energies are therefore not
the ground states of the respective systems. To explic
study the ground state one can use the imaginary ti
stepping technique@2,5#. It would have been desirable to us
this in our present work for calculation of correlation ene
gies. The precision is however not~yet! at the level of the
computations with the uncorrelated initial condition. He
we only used the imaginary time-stepping method to cal
late the spectral function at zero temperature shown in Fig

One of the purposes of this work was to investigate
time it takes for the system to correlate from the initia
uncorrelated state. We have in particular calculated the
pendence upon density, temperature and also strengths o
interaction as shown in Sec. V A. We find that the correlat
time tc scales roughly as

tc5
1

2EF
,

but is nearly independent of the strength of the interact
and of the temperature of the system. This time is relev
for the discussion of collisions between heavy ions whentc
is comparable with the collision time between the ions. It
also of practical importance in dynamic calculations. In pr
ciple the calculation with the KB equations involves an in
gration over all past times referred to as a memory effect
practice this is not necessary. The correlations effectively
down the memory time. This is also demonstrated by
damping shown in Fig. 9. In nuclear systems the mem
time is typically less than 5 fm/c, see Ref.@5#, or 10–20
3-11
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time steps. In electron plasmas where correlations
smaller the corresponding time is 100 fs or 25–50 time ste

It was shown in a previous work that the Levinson cor
lations approach a second order Born expression at l
times @14#. Increasing the strength of the interaction an
stability does however develop as shown in Fig. 5. A
lemma involving a factor of 2 comparing with the Born e
pression for the correlation energy was resolved in Sec.
In order to compare the Levinson with the Born correlati
energies a temperature correction had to be applied and
result was shown in Table II. There remains a differen
between the two which amounts to a decrease in bindin
1.6 MeV. This can be ascribed to a spectral correction an
due the difference between the uncorrelated distributionf (p)
and the reduced densityr(p) in the Levinson calculation
The relation betweenf andr is expressed by Eq.~40! which
in the EQP approximation reduces to Eq.~34!.

A comparison of the KB with the Levinson correlation
show the effect of the dressing of the propagators by theV2

insertions. This is found to result in a comparatively lar
correction; a 6.85 MeV decrease in binding energy. This c
rection is also ascribed to a spectral correction but now
time off-diagonal elements. This result should have an
pact on the ongoing problem of nuclear saturation which
found to be above the experimental density and/or energy
perturbative schemes without spectral corrections.

The total energy given by Eq.~11! includes besides a
kinetic energy only the binary correlation energy. There is
course also a first order term, the Hartree-Fock term, con
uting to the energy of the many-body system. This mean fi
s

,

r-
it

to

.

t,

.

t.
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term can be included easily in the Green’s functions@13#. We
point out that besides the usual momentum independent
tree shift another effect appears usually referred to as
dispersion effect. This effect stemming from the moment
dependence of the Fock~or Brueckner-Hartree-Fock! field is
well known and not of interest in our present calculation.
further decreases the binding energy in nuclear many-b
calculations.

All of our nuclear matter calculations have until now be
restricted to using a time-local interaction. The correlatio
appear however to be similar to those for more realistic
teractions. This is illustrated by the spectral functions sho
in Figs. 6 and 7. They show a width comparable to mo
serious calculations and the expected behavior as a func
of momentum@25#. Our interaction does not have a sho
ranged repulsion or tensor part but we believe the lo
ranged part to be a reasonable representation of the tru
teraction. We do however envision a future extension
more realistic nucleon forces as well as aT matrix.

It may finally be relevant to point out that an importa
difference between the present KB calculations and m
conventional Green’s function studies is that it has been p
formed here int,t8 rather thanv space. This is found to be
very practical.
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@33# K. Morawetz, V. Špička, and P. Lipavsky´, Phys. Lett. A246,

311 ~1998!.
@34# K. Morawetz and H. S. Ko¨hler, in Proceedings of CRIS ’98

~2nd Catania Relativistic Ion Studies!, Acicastello, Italy, 1998,
edited by S. Costa, S. Albergo, A. Insolia, and C. Tuve~World
Scientific, Singapore, 1998!.

@35# L. Banyai, D. B. T. Thoai, C. Remling, and H. Haug, Phy
Status Solidi B173, 149 ~1992!.

@36# D. Kremp, M. Bonitz, W. Kraeft, and M. Schlanges, An
Phys.~N.Y.! 258, 320 ~1997!.
02461
@37# S. L. Popyrin, Phys. Dokl.43, 671 ~1998!.
@38# V. Spicka and P. Lipavsky, Phys. Rev. B52, 14 615~1995!.
@39# E. P. Roth, Ph.D. thesis, Washington University, St. Lou

2000.
@40# K. A. Brueckner, Phys. Rev.100, 36 ~1955!.
@41# K. A. Brueckner and J. L. Gammel, Phys. Rev.109, 1023

~1958!.
@42# H. Q. Song, M. Baldo, G. Giansiracusa, and U. Lombard

Phys. Lett. B411, 237 ~1997!.
@43# S. A. Coon and J. Dabrowski, Phys. Rev.140, B287 ~1965!.
@44# H. S. Köhler, Nucl. Phys.A204, 65 ~1973!.
3-13


