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Abstract 

In the context of the reduced density operator technique the derivation of non-Markovian kinetic equations is briefly reviewed. 
It is shown that the time retardation in the collision integrals leads to total energy conservation, while the ordinary quantum 
Boltzmann equation provides only kinetic energy conservation. 

The derivation of generalized quantum Boltzmann equations is widely known in the literature [ l-31. The general 

starting point in deriving kinetic equations is the coupled set of equations of motion for the reduced density operators. 
This set was first derived by Irving and Zwanzig [4]. Their formal structure is similar to the so-called BBGKY 

hierarchy [ 51 for reduced distribution functions in classical statistical physics. The first to use this BBGKY hierarchy 
in deriving kinetic equations were Bogoljubov [ 61, Born and Green [ 71 and Kirkwood [ 81. The quantum Boltzmann 
equation differs from the classical one in the collision term, which takes into account that the final scattering states 
can be occupied and consequently blocked by the Pauli exclusion principle. Moreover, the quantum mechanical 
transition rate is used, rather than the classical one. Of the various other extensions proposed for the ordinary 

Boltzmann equation, the work of Klimontovich and Kremp [ 91 and McLennan [ lo] should be mentioned, which 

treats quantum gases with bound states. For a comprehensive review see Ref. [ 1 l] and for a review of the 
development of the kinetic theory during the last fifty years see Ref. [ 121. 

Whereas the ordinary Boltzmann equation yields conservation of density, momentum and kinetic energy, it is a 
challenging question what the kinetic equation should look like in order to conserve the total energy, i.e. kinetic 
and interaction energy. Different procedures are suggested in the literature. Starting from the general considerations 
of the symmetries in the two-particle correlation functions [ 131, many attempts have been made to establish 
approximations, which ensure these symmetries and therefore conserve the total energy [ l-3,1 1,141. 

In this Letter it is shown directly how the total energy conservation is connected with the retardation effects or 
non-Markovian collision integrals. It is apparently not widely known that even in the Born approximation the total 
energy conservation can be obtained. The equivalence between retardation or memory and energy conservation thus 

becomes obvious. For the case of simplicity it has been restricted here to non-degenerate spatially homogeneous 
systems. 

Starting from the conserving BBGKY hierarchy of the reduced density operators, 

haF -- 
i at I...s = [FI...,, H,l +n~~,~+~[~I...,+I~ L+ll , (1) 
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with the renormalization to a volume @= Tr,,,,, F, ...s, we want to consider the binary collision approximations, i.e. 
to neglect the influence of density operators higher than Flz. Then the equation for the two-particle density operator 

( 1) is easily solved, 

F12(f) =exp(iH!(t-t,))F,,(r,) exp(iH:(r-to)) 

f 

-i@?(r-f’) [F&f’), V,,] ex p(+(f-f’))df’. 

10 

(2) 

The two-particle Hamiltonian was split into HZ = HT + V,, . In the first Born approximation, the solution reads 

I 

F&t) =Fl(f)F2(f) + i 
JP( 

ex -i#(t-t’) [Fl(f’)F2(f’), V,,] ex ~~~~(r-r’))dt’+o(V:,) (3) 

lo 

where at the artificial time to the two-particle density can be factorized into F,2( to) = F, ( to)F2( to). This is also 
known as weakening of the initial correlation. Further, an analogous equation for the one-particle density is used to 

propagate F, ( to) to F, (t’) . In this way additional terms linear in V would arise, but they vanish when inserted into 
the collision integral of Eq. ( 1) due to the double commutator structure. Substituting Eq. (3) back into the first 
equation of ( 1) , one obtains the kinetic equation for the one-particle density operator. For spatially homogeneous 
systems, which will be considered in the following, the momentum representation of the operator F1 is the appropriate 

choice. The resulting equation for the one-particle distribution function is 

m 

X I . 
0 

(4) 

Here we used the normalization J[dp,/(2&)31f(p,) = n and e=p2/2m. Further, we assumed a potential 

hP2I W’lPS) = (2~)3v( p1 -p;)S(p, +p2 -pi -p;). This form of kinetic equation is well known in the 

literature [ 1,15-171 and plays an important role in considerations of large-field problems [ l&19,15]. An alternative 

approach for the quantum case has been given in Ref. [ 201. If one neglects the time retardation in the distribution 
functions, one obtains the usual quantum Boltzmann collision integral using the identity ]g drcos(ar) = &(a). 
The influence of retardation in Eq. (4) can be calculated numerically. This leads to a diminishing of the influence 
of collisions on the temporal development of the distribution function [ 2 11. For transport problems in electric fields 

it can be shown that Eq. (4) reproduces precisely the Debye-Onsager relaxation effect, which diminishes the applied 
electric field through the moving screening cloud [ 221. 

NOW we will turn to the interesting question of conservation laws. Multiplying Eq. (4) by 1 orp and integrating 
over p,, one obtains the density or momentum conservation, 

%l=o, 
at $w=o, 

where the momentum-conserving 6 distribution function is used in the manner known from the treatment of the 
ordinary Boltzmann equations. The total energy conservation is more interesting. While the ordinary quantum 
Boltzmann equation conserves only the kinetic energy it will be shown now that Eq. (4) leads to total energy 
conservation. This can be elaborated by multiplying Eq. (4) by p2/2m and integrating over p, . The right-hand side 
of the resulting equation can be written as a time derivation and one finally obtains 
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(5) 

with 

V( IP, -P'102mw3~(Pl +p2-prl -Pa 

X I d71f(p~,f-T>f(p~,t-7>-f(p,,t-7)f(p2,t-7)] . (6) 

0 

Now it remains to show that (6) is just the interaction part of the energy as we have already indicated. Therefore 
one calculates the mean correlation energy according to the definition of a two-particle expectation value, 

(V12)= t~27-~,*(f52V12) . (7) 

On the same level of approximation as used for the derivation of the kinetic equation, one takes the expression for 

the two-particle density operator (3) and obtains from Eq. (7) in the momentum representation precisely expression 

(6). Therefore, it is proven that the non-Markovian collision integral (4) leads to complete energy conservation, 

which makes up for an insufficiency of the ordinary Boltzmann equation. 
This represented energy conservation can be extended beyond the Born approximation. The corresponding non- 

Markovian expressions are given for the T-matrix [ 23 1 and for the screened potential approximation [ 241. It is 
interesting that the T-matrix approximation without memory conserves total energy by itself, which is explicitly 

shown in Ref. [ 1 I]. Consequently, the question of the memory effects on the T-matrix approximation will be 
published elsewhere [ 231. 

Especially for short time scales as in nuclear physics or in nanosecond spectroscopy, total energy conservation 
should play an important role and therefore this non-Markovian kinetic equation should be used instead of the 
ordinary quantum Boltzmann equation or Beth-Uhlenbeck equation. 
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